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Introduction 



To Veneta 

One of the most beautiful and important results in the classical 
complex analysis is the Riemann Mapping Theorem stating that any 
nonempty simply connected open subset of the complex number plane, 
other than the plane itself, is biholomorphic to the open unit disk 
D C C. On the other hand, H. Poincare (1907) has proven that the 
groups of (holomorphic) automorphisms of the open polydisc and of 
the open ball in are not isomorphic; hence these two topologically 
equivalent domains are not biholomorphically equivalent. Therefore it 
is important that any domain D in C" can be associated with some 
biholomorphically equivalent object. Generalizing the Schwarz-Pick 
Lemma, C. Caratheodory (1926) provided the first example of such an 
object, different from the automorphism group; this object was later 
called the Caratheodory pseudodistance. That is the largest Poincare 
distance between the images of two points from D under the all holo- 
morphic mappings from D into D. Somewhat later (1933) S. Bergman 
started to consider the generating kernel of the Hilbert space of square- 
integrable holomorphic functions on D with the natural Hermitian met- 
ric and distance (later his name is given to these three invariants). In 
1967 S. Kobayashi introduced a pseudodistance, dual in some sense 
to the Caratheodory pseudodistance. More precisely, it is the greatest 
pseudodistance not exceeding the so called Lempert function - the in- 
fimum of the Poincare distances between preimages of pairs of points 
from D under an arbitrary holomorphic mapping from 3 to D. 

In Chapter [1] we discuss the basic properties of various invariant 
functions and their infinitesimal forms called (pseudo)metrics. 

The estimates and the limit behavior of invariant (pseudo) distances 
(or more generally, of functions) and (pseudo) metrics, as well as Bergman 
kernel, play an important role in numerous problems from complex 
analysis like asymptotic estimates of holomorphic functions (of var- 
ious classes), continuation of holomorphic mappings, biholomorphic 
(non) equivalence of domains, description of domains with noncompact 
groups of automorphisms etc. (see e.g. |56|, I54|, I67|, 1108] ). We will 
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only mention that one of the basic points in the classification theo- 
rem of bounded convex domains of finite type in C" with noncompact 
groups of automorphisms (see [8]) is an estimate for the Kobayashi and 
Caratheodory pseudodistances (see also Proposition [SUIT]). In Chapter 
[3] we obtain estimates of these metrics, as well as the Bergman kernel 
and Bergman metric of the so-called C-convex domains. 

Let us note that the exact calculation of some of the invariants 
or finding estimates thereof leads e.g. to criteria for solvability of 
corresponding interpolation problems or to restrictions on the solvabil- 
ity. The research in Chapter [2] is partially motivated by two examples 
of such types of problems. 

What follows is a brief review of the contents of the chapters. 

Chapter [H Its aim is the introduction of the basic invariant func- 
tions, distances and metrics together with their basic properties. 

The Lempert function Im of a given complex manifold is the great- 
est holomorphically contractible function (i.e. decreasing under holo- 
morphic mappings), coinciding with the Mobius distance mp on the 
unit disc D. The Kobayashi function fc^ is the greatest pseudodis- 
tance not exceeding Im- The Caratheodory function c*m is the least 
holomorphically contractible function. Then = tanh~^ fc^j and 
Cm = tanh~^ c*m are the Kobayashi and Caratheodory (pseudo) distances, 
respectively (coinciding on D with the Poincare distance po). The 
(pseudo)metrics of Kobayashi km, of Kobayashi-Buseman km and of 
Caratheodory 7m are the infinitesimal forms of Im, km and cm, re- 
spectively. In a natural way are defined the Lempert functions k^M^ of 
higher order that are between tanh~^ /d(= ) and kM = (= k^M^), as 
well as their infinitesimal forms - the Kobayashi metrics k^m^ of higher 
order. 

In Section [LD we note that the objects under consideration are up- 
per semicontinuous (see Proposition II. 1.11 and the comment preceding 
it). The main result in this section, namely Theorem II. 1.2^ states that 
if z G M and the function Km is continuous and positive in [z; X) for 
each nonzero vector X, then the "derivative" of fc^'' at z in the direc- 
tion of X coincides with k^^\z;X). An essential step in the proof is 
Proposition 1 1 . 1 . 3l claiming that the "upper derivative" of fc^'P^ does not 

exceed in the general case. Theorem 11.1.21 generalizes some results 
of M.-Y. Pang |105j and M. Kobayashi j62j concerning taut manifolds 
(domains). We provide examples to demonstrate that the assumptions 
in the theorem are essential. 
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In Section 11.21 we find some relationships between the Minkowski 
functions of a balanced domain or of its convex/holomorphic hull and 
some of the previously defined biholomorphic invariants of that do- 
main whenever one of their arguments is the origin. Some of these 
relationships are used in the subsequent chapter. 

In Section 11.31 we prove that the Kobayashi-Buseman metric km 
equals the Kobayashi metric k^^" of order 2n — 1 and this number 
is the least possible in the general case. A similar result for 2n instead 
of 2n — 1 can be found in the paper |63j of S. Kobayashi, where is 
introduced. 

In Section 11.41 we prove a general statement, Theorem ll.4.4[ for 
approximation and interpolation over the so-called Arakelian sets. To 
this aim we use a well-known interpolation-approximation result of P. 
M. Gauthier and W. Hengartner [43j, and A. Nersesyan [78j. 

This theorem is in the base of the proof of Theorem 11.5.11 from 
the subsequent section stating that the so-called generalized Lempert 
function (of a given domain) does not decrease under addition of poles. 
The last assertion is proven by Wikstrom jll8] for convex domains; he 
had left the general case as an open question in |119] . 

In Section 11.61 we discuss the product property of the generalized 
Lempert function in order to reject a hypothesis of D. Coman [22] 
for equality between this function and the generalized pluricomplex 
Green function. In Proposition 11.6.21 we find a necessary and sufficient 
condition for the Lempert function of the bidisc with (fixed argument 
and) poles in the cartesian product of two two-point subsets of D^, = 
D \ {0} to equal each of the two corresponding functions of D. 

Chapter [2l To understand better the geometry of the so-called 
symmetrized polydisc we need some notions for complex convexity of 
domains and their interrelations; this is the aim of the first part of 
Section 12.51 In [51 150] one can find a detailed discussion of their role 
and application. We only note that the C-convexity is closely related 
to some important properties of the Fantappie transformation, and, as 
a deep conclusion, to the question of solvability of linear PDEs and 
in the class of holomorphic functions. A domain D C is called 
C-convex if its nonempty intersections with complex lines is connected 
and simply connected. Some other notions for complex convexity of D 
are the linear one (each point in the complement of D is contained in a 
complex hyperplane, disjoint from D), the weak linear one (the same, 
but for the points in dD) and the weak locally linear one. C-convexity 
implies weak convexity, and all the four notions coincide for bounded 
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domains with C^-smootli boundaries. In the general case their place is 
between convexity and pseudoconvexity. 

Indeed, in Corollary 12.5.41 we give an affirmative answer to a ques- 
tion of D. Jacquet |60i p. 58] whether each weakly locally linearly 
convex domain is pseudoconvex. On the other hand, in Proposition 
12.5. ll we show that each weakly linearly convex balanced domain is con- 
vex, which strengthens the same observation for complete Reinhardt 
domains in [51 Example 2.2.4]. 

Theorem 12.5.51 implies that a C-convex domain is either a cartesian 
product of C and another C-convex domain, or is biholomorphic to 
a bounded domain; in the latter case it is c-finitely compact (i.e. the 
balls with respect to the Caratheodory distance are relatively compact). 
This generalizes the result of T. J. Barth in [7] for convex domains. 

Let L denote the class of domains D such that the least and the 
largest invariant functions of D (from complex-analytic viewpoint), 
namely Caratheodory function and the Lempert function Z^), co- 
incide (and in particular they coincide with the Kobayashi function 

Recently D. Jacquet |59] proved that each bounded C-convex do- 
main with C^-smooth boundary can be exhausted by C-convex domains 
with (C°°-)smooth boundaries. Then the fundamental Lempert theo- 
rem |69|, 170] can be formulated like this: 

Each bounded C-convex domain with C"^ -smooth boundary belongs 
to the class C 

This property is carried over convex domains, as they can be ex- 
hausted with smooth (even strictly) smooth domains. It was an open 
question whether a bounded pseudoconvex domain from C must be 
biholomorphic to a convex domain |125^ 158] . A recently found coun- 
terexample is the so-called symmetrized bidisc G2 C C^ - the image of 
the bidisc C C^ under the mapping with coordinate components the 
two elementary symmetric functions of two complex variables. This 
domain appears in the spectral Nevanlinna-Pick problem, related to 
questions from control theory and applications in engineering mathe- 
matics (see e.g. [H [31 153] and the references therein). J. Agler and 
N. Young [2] showed that G2 G C, by calculating l^^. On the other 
hand, C. Costara |24] proved that G2 is not biholomorphic to a con- 
vex domain. In addition, let S denote the class of domains that can 
be exhausted with domains, biholomorphic to convex domains. The 
Lempert theorem implies that S G C. A. Edigarian [36] showed that 
even G2 ^ S (see Proposition 12.4.4]) . In connection with this and the 
mentioned result of D. Jacquet let us note the following 
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|125[ Problem 2], a hypothesis of L. A. Aizenberg ^ Can each 
C-convex domain be exhausted by smooth C-convex domains? 

Theorem 12.5.61 (i) says that G2 is C-convex domain. Moreover, 
P. Pflug and W. Zwonek [106] have recently shown that G2 can be 
exhausted by C-convex domains with real-analytic boundaries (see ??). 
This gives an alternative proof of the fact that G2 € C We may also 
formulate the following weaker version of the above hypothesis, 

jl25[ Problem 4'] Does each bounded C-convex domain belong to C? 

An affirmative answer of Problem 4' would follow from an affirma- 
tive answer of 

|125[ Problem 4] Is each bounded C-convex domain biholomorphic to 
a convex domain? 

Theorem 12.5.61 (i) together with the result of A. Edigarian gives a 
negative answer to the last question. 

In a similar way for G2 one can define the symmetrized polydisc 
Gn C C". It is natural to ask whether G„ for n > 3 has the same prop- 
erties as G2. For example M. Jarnicki and P. Pflug pose the following 
question: 

[581 Problem 1.2] Does Gn e C or even Gn^S? 
Clearly if G„ ^ C then G„ ^ S. 

Chronologically, flrst the author proved that Gn ^ S for n > 3 
as Theorem 12.4.71 In its proof the approach from |24|, 136] is applied 
on the so-called generalized balanced domains. In Theorem 12.4.21 we 
prove that if such a domain in C" belongs to S, then its intersection 
with a special linear subspace of C" is necessarily convex. This is in 
accordance with the fact that a (usual) balanced domain is in the class 
S exactly when it is convex (Corollary I2.4.3p . Theorem 12.4.71 follows 
from Theorem 12.4.21 by showing that the corresponding intersections 
for Gn are not convex. 

Let us note that G„ for > 3 is linearly convex domain, but it is 
not C-convex by Theorem 12.5.61 (ii). 

Theorem 12.4.71 is also a direct corollary from G„ ^ C, n > 3. This 
question is discussed in Section 12.61 To this aim one uses the inflnites- 
imal forms of c^^, Zg„ and kg,^, namely the Caratheodory, Kobayashi 
and Kobayashi-Buseman metrics: 7g„, kg„ and k^^. We also introduce 
a naturally emerging distance rriQ^ on G„ (an analogue to the Mobius 
distance mp) and its inflnitesimal form at the origin, p„. 

In [2] J. Agler and N. Young have shown that 
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and m^a is (almost) explicitly calculated. The proof is based on the 
method of complex geodesies; their complete description for G2 can be 
found in the work of P. Pflug and W. Zwonek [106] . 

In |25j this identity is also obtained for some special pairs of points 
from Gn, n > 3. However in this case it turns out that 



/g„(0, ■) > k*^^{0, ■) > ■) > m^JO, ■) (Corollary EEl. 



These inequalities are directly obtained from the corresponding in- 
equalities between the infinitesimal forms, which are basically consid- 
ered on the coordinate directions (Theorem I2.6.3p . 

In Proposition 12.7.21 we get an estimate for the difference between 
7g2„+i(0; ■) and P2n+i in the first direction where they do not coincide 
(Proposition 12. 7.2]) . This estimate is based on a "polynomial" descrip- 
tion of 7(G^. Using this description and computer calculations it is shown 
that 



so the Caratheodory and Kobayashi metrics do not coincide on G3. It 
can be expected that the approach in the proof is applicable in the 
higher dimensions too. 

The fact that G„ for n > 3 has quite different properties from G2 is 
confirmed by Theorem 12.3.2] which gives an affirmative answer to the 
following question of M. Jarnicki and P. Pflug. 

|58] Problem 3.2] Does (unlike G2) the Bergman kernel o/G,„ have 
zeroes ? 

The proof is based on an explicit formula obtained by A. Edigarian 
and W. Zwonek in 1371. 



As we noted, the symmetrized polydisc appears in connection with 
the spectral Nevanlinna-Pick problem, i.e. an interpolation problem 
from the unit disc D in the spectral ball f2„ - the set of complex n x n 
matrices of spectral radius less than 1 (i.e. with eigenvalues in D). The 
infinitesimal form of this problem is the spectral Caratheodory-Fejer 
problem. The easiest forms of these problems are reduced to finding 
Iq^ and Kfi^, while the continuous dependance on the given data - to 
the continuity of these two functions. In the case of cyclic matrices 
(i.e. ones with a cyclic vector) they coincide with the corresponding 
functions on the taut domain G„, so they are continuous. 

In Section 12.21 we provide some equivalent conditions for a matrix 
to be cyclic (part of these are used in the last sections of the chapter). 

In Section 12.11 we gather the basic properties of the above problems 
and their reduction to similar problems on the symmetrized polydisc 
in the case of cyclic matrices. (As this is a taut domain, the problems 



kgM-)^ 7^3(0 ; ■) (Theorem EZl 
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there "depend" on the data in a continuous manner). This also deter- 
mines the corresponding relationships with the Lempert function and 
the Kobayashi metric on the symmetrized polydisc. 

Section 12.81 is dedicated to the continuity of /q„ (in the general 
case). The main result there (Theorem I2.8.2p states that /n„(^; ■) is a 
continuous function exactly when A is a scalar matrix or n = 2 and A 
has (two) equal eigenvalues. This result is based on Proposition 12.8. 
which is obtained from the basic Proposition 12.6.11 (iii). 

In Section flM we discuss the (dis)continuity of by studying its 
zeroes. In particular we have found all matrices A & such that 
HfisiA; 5) > for i? 7^ (a relatively easy question for n = 2). 

As an application, in the last section 12.101 we have shown that the 
Kobayashi metric of a pseudoconvex domain is not equal to the weak 
"derivative" of the Lempert function in the general case (this gives 
a partially affirmative answer to a question from Section 11.11) . The 
counterexample is ^3 (or, of a lower dimension, the domain of zero- 
trace matrices in ^3). 

Finally, we point out that a detail study of another biholomorphic 
invariant - the pluricomplex Green function - on the the spectral ball 
and the symmetrized polydisc can be found in |116j . 

Chapter [31. The main purpose of this chapter is obtaining es- 
timates (in a geometric way) for the Caratheodory, Kobayashi and 
Bergman metrics, as well as for the Bergman kernel (on the diago- 
nal), of an arbitrary C-convex domain D C C" not containing complex 
lines, in terms of the distance di:){z;X) from the point z & D to the 
boundary dD in the direction X G (C")*. These estimates show that 
on such a domain these three metrics coincide up to a constant, de- 
pending only on n (Corollary 13.3. 2p . Similar results in the special case 
of a C°°-smooth bounded C-convex domain of a finite type, with quite 
hard proofs, are the main results of the dissertations of S. Blumberg 
[12] and M. Lieder [71] . In addition, the constants there depend on 
the domain. Earlier similar results for convex domains can be found in 
the Ph. D. thesis [19] of J.-H. Chen and in the works [TH |T5] of J. D. 
McNeal; however their proofs are experiencing essential weaknesses. 

Using the 1/4-Theorem of Kobe, it is easily shown in Proposition 
[3X21 that 

1/4 < Mz;X)dD{z;X) < kd{z; X)dD{z; X) < 1. 

The two (absolute) constants are exact, and 1/4 can be replaced by 
1/2 for convex domains (see [8] or Proposition 13.1.1"!) . 

As an application of these estimates, in Section 13.21 we get that 
the standard and linear multitypes of D'Angelo and Catlin coincide for 
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a smooth boundary point of a C-convex domain. This generahzes a 
result of M. Conrad |23j and J. Yu |121j (see also the works of J. D. 
McNeal [73] . and H. P. Boas and E. Straube [15j), while our proof is 
essentially different and much shorter. It is based upon a easy result 
from [123] and moving the main result in [68j from the convex to the 
C-convex case (the considerations here are easier than in [68j). 

The main result of Chapter [3] Theorem 13.3.11 states that there is an 
inequality for the Bergman metric, similar to the above one; the cor- 
responding constants depend only on the dimension n of the domain. 
To this aim in Theorem 13.1.41 we get some estimates for the Bergman 
kernel, which are also of independent interest. The constants there de- 
pend only on n and are exact for the class of convex domains. These 
estimates are connected with the so called minimal basis (for a point 
in a given domain), introduced by T. Refer [44] for the smooth case (of 
finite type) and somewhat later, but independent, by the author and P. 
Pfiug [84] in the general case. It is used in the proof of Theorem 13.3. II 
and almost all arguments are geometrical. One can define a minimal 
basis for a point in a given open set (not containing complex lines) by 
induction: the first vector of the base is directed towards the closest 
point from the set boundary, and the next ones are from the basis of 
the intersection of the set with the complex hyperplane through the 
point, orthogonal to that vector. The main (and trivial) property of 
that basis that is used for weakly linearly convex domains is the orthog- 
onality of the intersections of complex "support" hyperplanes through 
the emerging boundary points and the corresponding vectors form the 
basis. The geometrical arguments are completed by the stability of 
C-convexity under projections. 

In the previously mentioned works [191 I74|, 175] , apart from d- 
technique, the authors use a similar (however notably more compli- 
cated) method in the terms of a basis that we will call maximal. In 
Section [33] we provide a natural counterexample for the main "prop- 
erty" of this basis (the same as for the minimal one) that is used in 
these and other works for various problems (e.g. for the linear and 
D'Angelo types in the already quoted paper [73]). Anyway in Section 
13.51 we show how the estimates obtained in the minimal basis imply 
those for the maximal one (using some combinatorial arguments). 

Another aim of this chapter is to state the local character of the 
obtained results by showing that the estimates near a given boundary 
point a of a domain remain true if the domain is weakly locally linearly 
convex near a and the boundary does not contain analytic discs through 
a. Such a domain with a C^-smooth boundary near a turns out to be 
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locally C-convex (Proposition l3.6.Ti) . Then the local character of the 
estimates for the Kobayashi metric (if the domain is bounded) follows 
from the general localization Proposition 13.6.51 Its proof permits to 
obtain immediately the exact boundary behavior of this metric near 
an isolated point of a planar domain, having at least one more point 
in its boundary. This essentially strengthens a main result from |61] . 

The local character of the estimates for the Bergman kernel and 
Bergman metric is determined in Section 13. 7^ where the domain is as- 
sumed to be pseudoconvex (but not necessarily bounded) and locally 
convex around a boundary point not contained in analytic (or, equiva- 
lently, linear) discs from the boundary. The proof is based on the 
existence of a locally holomorphic peak function at this point (Propo- 
sition I3.7.8P and the localization theorem 13.7.31 for the Bergman ker- 
nel and Bergman metric (if such a function exists). In the case of a 
bounded pseudoconvex domain this theorem is contained in the fun- 
damental work |49j of L. Hormander as an application of the obtained 
L^-estimates for the 5-problem. Our proof is a variation of this tech- 
nique. As a corollary we get a stronger variant of the main result of G. 
Herbort in |47] without a usage of 9-technique of Ohsawa-Takegoshi 
(see the remark at the end of Section [3l7|) . The proof also implies weak 
localization of the Bergman kernel and Bergman metric for a planar 
domain with a non-polar complement (Corollary 13. 7.6p . 

The last section we get the exact boundary behavior of the invariant 
metrics under consideration near a C^-smooth boundary point of an 
arbitrary planar domain, once again using a geometric argument (the 
Pinchuk scaling method). 

This work is the author's D. Sc. dissertation originally written in 
Bulgarian and defended in October, 2010. 
The results are published as follows: 
Chapter in [86l [871 lH lH [90l fT03] : 
Chapter E]- in [82l lH [Ml [95l [96l [971 [lOQl MB> [M [T04] : 
Chapter [3]- in [55l [SOj [STj [83l [92l [84t [98] . 
Some of the mentioned results are from \79\. I85[, I93L I99j . 
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Lempert functions and Kobayashi metrics 

1.1. Lempert functions and their "derivatives" 

In this section we introduce the Lempert functions of higher order 
and their infinitesimal forms, the Kobayashi metrics of higher order, 
for an arbitrary complex manifold, (see also |56|, 164] ) . 

Our main aim is to prove that if the Kobayashi metric of a complex 
manifold is continuous and positive at a given point for each nonzero 
tangent vector, then the "derivatives" of the Lempert functions exist 
and are equal to the corresponding Kobayashi metrics at this point. 
This generalizes some results of M.-Y. Pang [105] and M. Kobayashi 
[62] for taut domains/manifolds. 

As usual D C C denotes the unit disc. Let M be an ra- dimensional 
complex manifold. Let us recall the definitions of the Lempert function 
Im and the Kobayashi-Royden (in short, Kobayashi) (pseudo)metric 
Km of M: 

Im{z,w) = inf{|a| : 3/ G 0(D,M) : /(O) = zj{a) = w}, 
km{z-,X) = inf{|a| : 3/ G 0(D,M) : /(O) = z,a/.,o(rfK) = 

where X is a complex tangent vector to M at z. Such / always exist 
(see e.g. |120] : also according to |34[ p. 49] this has been known even 
earlier by J. Globevnik). 

Note that if F : M — )■ iV is a holomorphic mapping between two 
manifolds, then 

Im{z,w)>In{F{z),F{w)). 

In particular, if F is a biholomorphism, then we get an equality, i.e. 
the Lempert function is invariant under biholomorphisms. The above 
inequality also shows that this function is the largest holomorphically 
contractible function that coincides on D with the Mobius distance m^. 
On the other hand, the smallest such function is the Caratheodory 
function: 

c*m{z,w) = snp{mMiz),fM) : / G 0(M,D)}. 

11 
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If in this definition we replace mn by the Poincare distance pb, we get 
the Caratheodory (pseudo) distance 

Cm = tanh~^ c^. 

As 

km{z;X) > kn{F{z),F,^,{X)), 

the Kobayashi metric is the largest holomorphically contractible pseu- 
dometric such that kd(0;X) = \X\. The smallest such pseudometric is 
the Caratheodory-Reiffen (ni short, Caratheodory) metric 

Jm{z;X) = sup{|/,,,(X)| : / G 0{M,B)} 

(we can assume f{z) = 0). 

As in the case of domains, the Kobayashi distance kM can be defined 
as the largest pseudodistance not exceeding the Lempert function of 
first order 

k^l^ = tanh""^ Im 

(for convenience we distinguish this function from the Lempert function 
Im)- By the Kobayashi function we mean 

k*M = tanh kM- 

Let us note that if /c^-* denotes the Lempert function of order m 
(m G N), i.e. 

m 

k^M\^i ^) = ■ Zo,...,Zm& M,Zo = z,z^ = w}, 

J=l 

then 

kM{z,w) = fcj^^ := mik^^\z,w). 

m 

Now let us recall that a manifold M is called a taut manifold if the 
family 0(D, M) is normal. Every taut domain in is pseudoconvex. 
Conversely, every bounded domain with a C^-smooth boundary is hy- 
perconvex (i.e. has an exhausting negative plurisubharmonic function), 
so it is a taut domain. 

According to a result of M.-Y. Pang |105] . the Kobayashi metric is 
the "derivative" of the Lempert function, if the corresponding domain 
is a taut domain: 

I v\ V ^D{z,z + tX) 
Kniz; X = lim 

(in this limit, as well as in some similar ones below, we can replace 
by k^j^^ and, in general, an invariant function with values in [0, 1), by 
tanh~^ of it, or vice versa). 
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In the general case the Kobayashi metric at a given point of a 
domain is not a pseudonorm (vectorwise) , i.e. its indicatrices are not 
convex domains. To avoid this defect, S. Kobayashi |63j introduces a 
new invariant metric, later called Kobayashi-Buseman metric. As in 
the case with the Kobayashi distance, this metric km can be defined by 
putting km^z] ■) to be the largest pseudonorm not exceeding km{z; ■). 
Clearly 

m m 

j=i i=i 

Hence it is natural to consider the functions E N defined as 

follows: 

m m 

«:y(z;X) = inf{J]«:M(^;X,) : $^X, = X}. 

We call the function k^'' a Kobayashi metric of order m. Clearly ti'^^ > 
ti'^^^\ Also one can easily observe that if k,^^\z; ■) = n^^^^\z] ■) for 
some m, then k,^^\z; ■) = k,^^\z; ■) for each j > m. Furthermore, as we 

will see in the next section, k^^" = k^"* := km, with 2n — 1 being 
the least possible number in the general case. 

Let us note that all introduced objects are upper semicontinuous; 
for Km (and hence for and km) see also [64]. To convince ourselves 
for k^M^, it suffices to check it for Im- 

Proposition 1.1.1. For each complex manifold M, the function Im is 
upper semicontinuous . 

Proof. We use a standard procedure (see [112] ). Let r G (0,1) and 
z,w e M. Let / e 0(D,M), /(O) = z and /(a) = w. Then / = 
(/, id) : A — )■ M = M X A is an immersion. Put /r(C) = /(^Oi iiow 
|112[ Lemma 3] implies that there is a Stein neighborhood S G M 
of /r(ID>). As well known, S can be immersed as a closed complex 
manifold in C^""*"^. Let be the corresponding immersion. Then there 
is an (open) neighborhood V C C'^^'^^N of ipiS) and a holomorphic 
retraction 6 : V ^ 'ipiS)- For z' near z and w' near w we can find (in 
a standard way) g G 0(B>,V), so that g{0) = ip{z',0) and g{a/r) = 
ip{w\a). Denote by vr the natural projection of M onto M. Then 
h = iToip~^o6og G 0{3, M), h{0) = z' and h{a/r) = w'. Consequently 
rlM{z',w') < a. This shows that limsup^,^^ I m{z' ,w') < Im{z,w). 

□ 
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To extend the previously mentioned result of Pang, we define the 
"derivatives" of k^^\ m G N* = NU {oo}. Let (f/, Lp) be a holomorphic 
chart near z. We put 

^,(m). y k^Mi'^^V'^iviw) +tY)) 

Vk\j[z]X)= limsup — j— . 

This definition does not depend of the chart; also, 

vk^;^\z]\x) = \\\vk^;^\z-x), xec. 

Replacing lim sup by lim inf , we can define "DJc^^^ . 

A result of M. Kobayashi |62] shows that if M is a complex taut 
manifold, then 

Km (2; X) = VkM{z; X) = VkM^z; X), 

i.e. the Kobayashi-Buseman metric is the "derivative" of the Kobayashi 
distance. The proof of this result allows us to learn something more: 

(^;X) = Vkt^\z;X) = mi?(z;X), meW 

Let us not that for the Caratheodory metric of an arbitrary complex 
manifold one has (see [56] for domains in C^) 

(l-l-l) 7m = I^cm = Vcm 

(the definitions of the last two invariants are obvious). 

To formulate in full generality the main result of this section we 
need the following notion. A complex manifold is called hyperbolic at 
the point 2 G M, if ku^z^w) > for each w ^ z. (Recall that M is 
hyperbolic if it is hyperbolic at each of its points, i.e. ku is a distance). 
Then the following assertions are equivalent: 

(i) M is hyperbolic at z\ 

(ii) \\va.viiizi_^zyj^M\u^M{z'-,'w) > for each neighborhood U of z; 

(iii) i^pii^'^ '■— l™iiif2'-s>2,x'-s>x f^Adiz'; X') > for each X 7^ 0; 
The implications (i)^(ii)^(iii) are (almost) trivial, while (iii)^(i) 

follows from the fact that A; a/ is the integrated form of km- 

In particular, if M is hyperbolic at z, then it is hyperbolic at each 
point z' near z. 

If M is a taut manifold, then it is hyperbolic and km is a continuous 
function. This shows that the theorem below generalizes the previously 
mentioned result of M. Kobayashi. 

Theorem 1.1.2. Let M be a complex manifold and z & M . 

(i) If M is hyperbolic at z and km is continuous at {z,X), then 

km{z; X) = VIm{z; X) = VIm{z; X). 
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(ii) If Km is continuous and positive at {z,X) for each X ^ 0, then 

47)(z; ■) = Vki^\z; ■) = ml7)(^; ■), m G N*. 
The first step of tlie proof of Theorem 11.1.21 is the following 
Proposition 1.1.3. For each complex manifold M one has 

Note that if M is a domain, a weaker variant of Proposition 11.1.31 
can be found in [56], namely km > T>kM (the proof is based on the 
fact that VkM^z; ■) is a pseudonorm). 

Proof of Proposition \1.1.3[ Let us first consider the case m = 1. A 
main role will be played by the following 

Theorem 1.1.4. [112] i Let M be a complex manifold and the mapping 
f e 0(D,M) be regular at 0. Let r e (0,1) and Dr = rB x D^-^. 
Then there is a mapping F G 0{Dr, M) that is singular at and 

-^|rDx{0} = /■ 

Since hm{z] 0) = VIm{z; 0) = 0, one can assume that X 7^ 0. Let 
a > and / e 0(D,M) be such that /(O) = z and af^^o^d/dQ = X. 
Let r G (0, 1) and F be as in Theorem 11.1.41 Since F is regular at 
0, there are neighborhoods U = U{z) C M and V = V{0) C D^, 
such that F\v '■ V ^ U is a biholomorphism. Therefore {U,(f), where 
(f = {F\v)~^ is a map near z. Let us note that ip^:^z{X) = aci, where 
ei = (l,0,...,0). 

If w and Y are close enough to z and aci, then g{() = F{ip{w) + 
CY/a) belongs to C(r2D,M), ^(0) = w and g{ta) = <^-^{!f{w) + 
tY), t < r'^ja. Consequently rHuiw^Lp'^i^iw) + tF)) < ta. Thus 
rHuiz^X^ < a. For r — )• 1 and a — )■ Km{z;X) we get VIm{z;X) < 
km{z;X). 

Now let m G N. Recall that k^^\z; ■) is the largest function with 
the following property: 

For each X = YlJLi it follows that k^[^\z; X) < X^jli i^Aiiz; Xj). 

To prove that k^^^ > I)k^^\ it is sufficient to check that Vk^l^\z; ■) 
has this property Using the above notation and choosing Yj — )■ (y9*^^Xj 

so that J2J=i = ^ 1 "^^ put wq = w and Wj = ip~^{ip{w) +tJ2k=i ^j)- 
Since 



k^M\w,Wq) < ^k'^l^{wj^i,Wj), 



*Instead of Theorem 11.1.41 one can use the approach from the proof of the 
semicontinuity of ■ 
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from the case m = 1 it follows that 



i=i i=i 



Finally, let m = oo and n = diniM. Since = ^^m" 
<4?-'\the case m = 2n — 1 shows that T>kM ^ f^M- D 
Proof of Theorem M.l.B. We can assume that X 7^ 0. Having in mind 
Proposition II. 1.3[ we just have to prove that 

under the corresponding assumptions. For simplicity we assume that 
M is a domain in (the changes in the general case of a manifold are 
obvious) . 

(i) Fix a neighborhood U = U{z) (s M. By hyperbolicity of M at 
z, there exist a neighborhood V = V{z) C U and a number 6 G (0, 1) 
such that if /i e 0(D, M) and h{0) G V, then h{5B) C f/. From here 
by the Cauchy inequalities it follows that ||/i(^)(0)|| < c/S^, A; G N (|| ■ || 
is the Euclidean norm). 

Now choose sequences Wj — )■ z, tj — )■ and Yj — )• X, such that 

lMiWj,Wj +tjYj) 



\tj\ 



^VIm{z;X). 



Let the holomorphic discs gj G C(D, M) and the numbers f3j G (0, 1) 
be such that gj{0) = Wj, gj{(3j) = Wj + tjYj and f3j < iMiwj^Wj + 
tjYj) + \tj\/i. Note that lM{wj,Wj + tjYj) < ci||tjl^-|| < C2\tj\. 
Let 

+ ^i'^i = 9jWj) = Wj + g'j{Q)Pj + /ij(/3j) 

Then 



/i,(/3,)||<c5^(^) <C3|/3,f <C4|t,r, J>Jo. 



fc=2 



We put Yj = Yj - hj{/3j)/tj. Then ^^(0) = Wj and f3jg'j{Q)/tj = 
Yj — 7- X. Consequently, 

.MK-;y.-)<^< ^^^^""7^+'^''^^'^ -. 

For j — 00 we get hm{z; X) = !±Mi^j — W'ui.z] X). 

(ii) The proof of the case m G N is similar to the one below and we 
omit it. Now let m = 00. 

Our assumptions show that M is hyperbolic at z. Also it easily 
follows (say by contradiction) that 



17 



(1.1.2) ye > 35 > : \\w - z\ \ < 5,\\Y - X\ \ < 5\\X\ \ ^ 

\km{w;Y) - km{z;X)\ <eKM{z]X). 
Also, the proof of (i) shows that 

(1.1.3) k't) {a^h) > ^Mid'-ib — a + o{a,h)), where hm ^ ' = 0. 

a,b^z \ \a — 0\\ 

Now choose sequences Wj ^ tj — > and Yj ^ X such that 

kM{wj,Wj + tjYj) 



^VkM{z;X). 



Let Wj^Q = Wj, . . . , Wj^rrij = uij + tjXj be points from M, such that 
(1.1.4) ^ A;[y (wj- fc) < A;m(wj, + tjYj) + -. 

Put Wj^fc = for k > nij. Since 

' 1 1 

kM{wj,Wj^i) < ^k'}l:^{wj^k-i,Wj^k) < kM{wj,Wj+tjYj) + - < C2\tj\ + -, 

j=i ^ ^ 

kM{wj,Wj^i) — )■ uniformly on /. The hyperbolicity of M at 2; implies 
that Wj^i — )■ z uniformly on /. Indeed, assuming the contrary and choos- 
ing a subsequence, we can consider that Wj^i. ^ U for some U = U{z). 
Then 

= lim kM{wj,Wj^i) > liminf Im{z',w) > 0, 

j^oo ' z'^z,weM\U 

which is a contradiction. 

Finally let us fix > 1. Then ffTX^ shows that 

KM{z;Wj^k-Wj^k-l) < RKM{Wj^k;Wj^k-Wj^k~l+o{Wj^k,Wj^k-l)), j >j{R)- 

From this inequality, fll.l.Sp and f ll.l.4p it follows that 

R 

f^Aiiz; Wj^k - Wj^k-i) < RkMiwj, Wj + tjYj) + — . 

k=i 

Since kM{z;tjYj) is bounded by the above sum, we get that 

^kMiwj,Wj + tjYj) + 1/j 



KMiz] YA < R- 



It remains to use that ^4^(2;; ■) is a continuous function. Then for 
J — >• 00 and i? — )■ 1 it follows that km(-2; X) < Vkuiz; X). □ 
Remark. From the above proofs, by a standard diagonal process, it 
follows that if M is hyperbolic at z, then k^(z; ■) = Vl{z; ■). 
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The subsequent examples show that the assumptions of continuity 
in Theorem 11.1.21 are essential. 

• Let A be a countable dense subset of C=k(= C \ {0}). In [33] (see 
also [56] ) there is an example of a pseudoconvex domain D d such 
that: 

(i) (C X {0}) U (A X C) C Z^; 

(ii) if zq = (0,t) e D,t ^0, then kd{zo] •) > C*! I ■ 1 1 for some C > 0. 
(It can be even shown that VI£,{zq] ■) > C\ \ ■ \ \.) 

Then it is easily concluded that K^(-;e2) = Vk^^\-;e2) = = 
kn^zo] ■) — '^11 ■ 11' where 62 = (0, 1) and c > 0. Therefore 

koiz^] X) > = K^{z^- 62) = Vk^^\z^- 62) = Vkf{zo- X), Xe {C\ 

This phenomenon clearly appears also in C^, n > 2 (say for D x 
Thus the inequalities in Proposition 1 1 . 1 . 31 are strict in the gen- 
eral case. 

• There exists a bounded pseudoconvex domain D d containing 
the origin such that (see e.g. |127[ Example 4.2.10]) 

/€d(0; ei) = VkoiO] ei) = limsup — ^r^-j — — 

t-5>0 1^1 

>liniinf^^^^?l^>m,,(0;ei). 

We conclude this section by the following 

Question. Is 7^ VI ^ in the general case? Is Pfc^) a holomorphically 
contractible invariant? (For this question see also [58j.) 

A partially positive answer will be given in Section [2. 101 by showing 
that there is a pseudoconvex domain D G and a point {z, X) G 
Z) X C" such that 

lDiz,tX) 



kd{z] X) > = limsup ■ 



t-5>0 



\t\ 



1.2. Balanced domains 

The biholomorphic invariants can be explicitly calculated for a few 
classes of domains, usually contained in the class of Reinhardt domains. 
Each complete Reinhardt domain is balanced. In this section we deter- 
mine some relationships between the Minkowski functions of a balanced 
domain or of its convex/holomorphically convex hull and some biholo- 
morphic invariants of the domain when one of their arguments is the 
origin. 
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Recall that a domain D C C" is called balanced if Xz G D for each 
(A, z) G D X D (for this definition and a part of the facts below see e.g. 
[56]). We naturally associate to such a domain its Minkowski function 

hoiz) = mi{t >0: z/teD}, zE C". 

The function > is upper semi continuous and 

hoiXz) = \X\hD{z), A G C,2 G C", 

D = G C" : hoiz) < 1}. 

Let us note that D is pseudoconvex exactly when logh G PSH(C"), 
which in this case is equivalent to h E PSH(C"'). Also recall that D 
is a taut domain exactly when it is bounded and is a continuous 
plurisubharmonic function. This shows that, for a balanced domain, 
being hyperconvex or taut is the same. Let us note that the hyper- 
bolicity of D is equivalent to its boundedness. More general results 
concerning the so-called Hartogs domains can be found in the paper 
|85] of the author and P. Pflug. 

Clearly, the convex hull D of a balanced domain D is balanced. Let 
us recall the well-known relationships between h^, = hfj and some 
invariant functions and metrics. 

Proposition 1.2.1. Let D G C"' be a balanced domain and a E D. 
Then: 

(i) jD{0;-) = kD{0;-) = hD. 

(ii) ho < c^(0, ■) < k*^{0, ■) < Id{0, ■) < ho and ho < k(0; ■) < ho] 
(in) c*(0,a) = hoia) k}j{0,a) = hoia) hoia) = hoia). 

If in addition D is pseudoconvex, then 
(iv) /z)(0, ■) = hr, and k(0; ■) = Hd. 

The Lempert theorem (mentioned in the introduction) implies that 
c*D = k}) = Id for each convex domain D. Then by the above proposi- 
tion we get 

Corollary 1.2.2. For a pseudoconvex balanced domain D C the 
following are equivalent: 

(i) D is convex (i.e. ha = ho); 

(ii) c*jj = Id; 
(zzz)c}jiO,-) = lniO,-y, 

(iv) k}) = Id] 

(v) k*j,{Q,-)=lD{Q,-)] 

Put {k^D^y = tanh/c^''. Proposition 11.2.1] (iii) shows that at the 
point a E D the value of k^iO, ■) is maximal exactly when D is "convex" 
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in the direction of a, i.e. h£,{a) = h£)(a). The next result shows that 
something more is true. 

Proposition 1.2.3. Let D G C"' be a balanced domain and a E D. 
The following are equivalent: 
(i) hc,{a) = ho{a)] 

(2,) 

(Hi) /t^j (0; a) = h£){a). 

Since k^^\o,a) < k^^\o,a) < /i^i for 3 > m < oo {ko = A;^'') and 
K^^(0; a) < ^^■'(0; a) for 2 < / < oo {ko = k^^), for these m and / it 
follows that fiDia) = hoia) (A;^^(0,a))* = hoia) /t^^(0;a). 
Remark. We do not know whether the number 3 can be replaced by 
2 (it cannot be replaced by 1 according to Proposition ll.2.lT iv)). 
Proof. The implication (i)^(ii) follows from Proposition 11.2.11 

Assume (iii). If ai+a2 = a, then by ^^''(0; a) < kd{0; ai) + K£)(0; 02) 
and K£)(0; ■) < it follows that hj^i^a) < /iD(ai) + /i£)(o.2), so (i) holds. 

It remains to prove (ii)^(iii). We first prove that (ii) implies 

(1.2.1) (fcg^(0, \a)y = \X\hD{a), A G D. 

We can assume that ho^a) ^ 0. Considering the analytic disc ip{Q = 
aC/hoio) as a competitor i for /£)(Aa,a), we get 

Z£)(Aa, a) < rn{h£,{\a)^hj:,{a)). 

Hence by the inequality 

j9(0, hD{a)) = kf (0, a) < A;g^ (0, Aa) + A;g^ (Aa, a) 

we get 

p(0, \\\hD{a)) = p(0, hoia)) - p{\\\hD{a), hoia)) < A;g^(0, Aa). 
Then 

(A;g^(0,Aa))* > \X\hD{a). 

It remains to note that the opposite inequality is always true. 
Now ffTXTD shows that 

k^^\0,Xa) 
lim , , , = hn(a). 

A-^O |A| 

On the other hand, by Proposition 11.1.31 this limit does not exceed 

(2) 

K}j {0;a) < hui^a), so (iii) is proved. □ 



*This means that ip belongs to the set over which we take the infimum in the 
definition of Id 
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Having in mind Propositions 11.2.11 and 11.2.31 it is natural to ask 
whether the minimahty (rather than maximahty) of some A;^^(0,a), 
i.e. /£)(0,a) = hcia) for a domain G D D imphes some "convex" 
property. We have the following 

Proposition 1.2.4. Let D G C"" be a bounded balanced domain and 
G C C" be a pseudoconvex balanced domain containing D. Suppose 
that ho is continuous at some a G D, hda) ^ and G does not 
contain (nontrivial) analytic discs through a/hc{a). Then the following 
are equivalent: 

(i) hoia) = hcia); 

(a) lD{0,a) = hcia); 

(Hi) K£)(0;a) = hc{a). 

Proof. It suffices to prove that 

//)(0,a) = hc^a) =^ h£,{a) < hcia), Kd^O; a) = hc^a) =^ h£){a) < hc^a). 

Let {ipj) C (9(D, D) and aj — )■ hc^a) so that </'j(0) = and ^j{oij) = a 
(correspondingly, aj(p'j{0) = a). Expressing ipj in the form ipj{X) = 

A'i/'j(A), by maximality principle he o ipj < I so ipj G 0(B>,G). As 
D is bounded, then by going to a subsequence we can assume that 
iPj ^ e 0{B,D), hence ipj ^ ip e 0{B,G). In particular, 

ipihci^a)) = lim ipjiaA = hm — = ^ =: b (and iIj{0) = 6), 

respectively. On the other hand, as G does not contain analytic discs 
through b, we get = b. The continuity of hi) a.t b implies that 

1 > /id(^,(A)) ^ \\\hDib), A G D. 

When A 1 we get hoib) < 1, . hoia) < hda). □ 

Remarks, a) Since the holomorphic hull S{D) of a balanced domain 
D is a balanced domain (see e.g. |57l Remark 3.1.2(b)]), the above 
result can be also applied for G = S{D). Of course, it can be also 
applied foi G = D. 

b) If ho is continuous near a and dG does not contain analytic discs 
through a/ ho (a), then by maximality principle it follows that G does 
not contain analytic discs through a/ hcia) either. 

) In connection with Proposition 11.2.41 it is natural to ask whether 
if hfj = Ijj^O,-) for a balanced domain D, then it needs to be pseudo- 
convex. The answer of this question is unknown to us. 

The next example shows that in Proposition 11.2.41 the continuity 
assumption for hn is essential. 
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Example 1.2.5. If D = B"^ \ {{t,t) : \t\ > 1/2}, d = (t,t), \t\ < 1/2, 
then 

hD{d) = 2\t\, but l}j{0,d) = \t\ = h„2{d). 

On the other hand, S{D) = and does not contain analytic discs 
through any point from 83 x 83. 

Proof. We need to prove only that 

h{0,d) < \t\. 

For each r G (|t|, 1) we can choose a G D so that t = (p{t/r), where 
ip{X) = A^f^. Then the disc i'iO = {r(,ip{Q) is a competitor for 
lD{0,d), whence it follows that l^iOyd) < \t\/r. It remains to leave 
r ^ 1. □ 

Appendix. Note that even 

/d(0,-) = ^B2(0,-). 

To this aim it suffices to prove that l£,{0,a) < \ai\ for a = (01,02) G 
D, ai 7^ 02, I Oil > 1 02!. We get this easily by considering '?/'(A) = 
(A, Aa2/ai) as a competitor for /£)(0,a). 

On the other hand, if ai = (0, b) and 02 = (6, 0), 6 G D, then 

h{ai,a2) = lo2{ai,a2) ^ \b\ < 4/5. 

Indeed, using the Mobius transformation Vfe(A) = -ttt; "^^ get 

1 — oA 

/£i(ai,a2) = /D6(0,a), where a = (&,—&) and Dfc = \ {('^/^^(A), A) : 
1/2 < |A| < 1}. 

For |6| < 4/5 we easily check that = (id, -id) G 0{B,Db). Then 
ht{0,a) < \b\ so /z)(ai,a2) = /iD)2(ai, 02). 

To get this for |6| = 4/5, it suffices to consider rip for r G (0, 1) as 
a competitor for /^(.(O, a), then to leave r — )■ 1. 

Now assume that Id{(1i, 02) = lo^iai, 02) for |6| > 4/5. Then we can 
find discs ipj G 0(B>,Db), such that v^j(O) = and v^j(aj) = a, where 
aj — )■ 6. The Schwarz-Pick Lemma implies that (fj — )■ (f. On the other 
hand, ip(D) fl {('?/'b(A), A) : 1/2 < |A| < 1} is a singleton, contradicting 
the Hurwitz Theorem. 

Remark. By [5Sl Theorem 3.4.2] (see also [TOS]) it follows that if 
Dn = B" \{{t,...,t) : \t\ > 1/2}, n > 3, then = l^.. 

The next example shows that in Proposition 11.2.41 the assumption 
on discs is essential. 

Example 1.2.6. Let < a < 1 and 

D = {ze'D^ : \z2\^ - < 2(1 - a^)\zi\}. 
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Then D is a balanced Reinhardt domain, ho is continuous function and 
S{D) = (see e.g. ^7]). On the other hand, if c = {0,d), \d\ < a, 
then 

hr){c) = \d\/a > Id{0,c) = \d\ = ho2{c). 

Proof. We have to show just that /^(O, c) < d for d G (0, a). To this aim 
it suffices to show that (p = {ip, id) G C(D, D), where i/j{X) = It 
is easily seen that |'?/'(A)| > xf^^ for x = |A| and is suffices to check 
that 

x^-a' <2{l-a^ f^'' ~f \ i.e. 

1 — dx 

dx^ + (1 - 2a^)x^ - d{2 - a^)x + > 0. 

This is clear for x = 0. Since x G (0, 1) and d G (0, a), we need to prove 
that 

ax^ + (1 - 2a^)x^ - a(2 - a^)x + > 0, 

which is equivalent to the obvious inequality {x — a)'^{ax + 1) > 0. □ 

Remark. Some propositions and examples in the spirit of the above 
for k^"^^ can be found in the paper [90j of the author and P. Pflug. 



1.3. Kobayashi— Buseman metric 

The main aim of this section is to prove that the Kobayashi-Buseman 
metric for an arbitrary domain equals the Kobayashi metric of order 
2n — 1 and this number is the least possible. A similar result for 2n 
instead of 2n — 1 is contained in the work [63j of S. Kobayashi, where 
this metric is introduced. 

Theorem 1.3.1. For each domain D C C" one has 

(1.3.1) /cg"-^) = kn. 
On the other hand, if n > 2 and 

n 

Dn = {zeC^: ^(2|z? - 41 + \zl + z^\) < 2{n - 1)}, 

then 

(1.3.2) K^l:-'\Or)^koM-). 

The proof below shows that the identity (11. 3. II) remains true for an 
arbitrary n-dimensional complex manifold. 

Theorems 11.3.11 and 11.1.21 lead to the following 
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Corollary 1.3.2. For every taut domain D G one has 

lim —r—f ^ = 1 

locally uniformly on z. The number 2n — 1 is the least possible in the 
general case. 

Remarks, a) Corollary 11.3.21 remains true for an arbitrary n-dimensional 
complex taut manifold. 

b) Corollary 11.3.21 can be viewed as an affirmative answer of the 
infinitesimal version of a question of S. Krantz |66] : For an arbitrary 
strictly pseudoconvex domain D G C", is there some m = m,{D) G N, 
such that kn = fc^'*? Unlike the infinitesimal case, m cannot depend 
only on n, as shown in |56[ p. 109].) 

For z E D C C", denote by Id,z the indicatrix of kd{z; •), i.e. 
Id,z = {X G C" : X) < 1}. Note that Id,z is a balanced domain. 

In particular, it is starlike with respect to the origin. Then the identity 
K^^""^ = kd is obtained from the following application of a lemma of C. 
Caratheodory (see e.g. 



hs = inf { V hs{X,) : m < 2n, V X, = X, 

(1.3.3) U U 

Xi, . . . , Xm are M-linearly independent}, 

where hs and hs are the functions of Minkowski of an arbitrary domain 
S C C" that is starlike with respect to the origin (i.e. ta G S* for a G S* 
and t G [0, 1]) and of its convex hull S, respectively (it is easily seen 
that in this case the number 2n is the least possible). 

In order to replace the number 2?t, by 2n — 1, we will use the fact 
that Io,z is balanced rather than starlike. For m G N we put 

m m 

hf\X) = mf{J2hs{X,) : J^X, = X}. 

Proof of U.3.1\) . Follows directly from the following 
Proposition 1.3.3. If B G C"' is a balanced domain, then 

(1.3.4) hs = h%-'\ 

To prove Proposition 11.3.31 we need the following 

Lemma 1.3.4. Every balanced domain can be exhausted by bounded 
balanced domains with continuous Minkowski functions. 
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Proof. Let i? C C" be a balanced domain. For 2; G C" and j G N we 
put -Fnj,2 = (B„ C (a, r)C" is the ball of center a and 

radius r). We can assume that B„(0, 1) <e i?. Let 

B, = {ze B„(0, j) : C 5}, j G N. 

Then (Bj) is an exhaustion of B by nonempty bounded open sets. We 
will show that Bj is a balanced domain with continuous Minkowski 
function 

To this aim let us note that if z G Bj and A G (D)*, then Fnj,xz C 
^Fnj,z C -B. Now it easily follows that Bj is a balanced domain. 

As hs^ is upper semi continuous, it remains to prove that it is also 
lower semicontinuous. Assuming the contrary, we can find a sequence 
of points Zk tending to some z, and a number c > such that Hb (zk) < 
1/c < hsjiz) for each k. Note that Fnj^cz^ C B, so B„(c2;, c^||2;p/j) C 
B. On the other hand, let us choose t G (0, 1) such that hB itcz) > 1. 
Then Fnj^tcz C. Mn{cz,c^\\z\\'^/j) C B, so h{tcz) < 1 - a contradiction. 

□ 

Proof of Proposition \1.3.'d We will first prove fll.3.4p in the case when 
i? C C" is a bounded balanced domain with a continuous Minkowski 
function. Let us fix a vector X G (C")*. Then hsiX) 7^ and we 
can assume that hsiX) = L As /i^ is continuous, by f lL3.3p there 
exist M-linearly independent vectors Xi, . . . ,Xm {fn < 2n) such that 
SJLi ^3 = ^ ciiid ^Jli hs^Xj) = 1. As /i^ is a norm and hs < hs, by 
triangle inequality hsiXj) = hB{Xj), j = 1, . . . ,m. To prove (ll.3.4p . 
it suffices to show that m 2n. Let i7 be a support hyperplane for B 
at X e OB. We can assume that H = {z e : Re{z - X,Xo) = 0}, 
where Xq G C" ((■, cdot) is the Hermitian scalar product). Suppose that 
m = 2n. Then H = {X^Jli Oij^j /hsiXj) : YJj=i = 1^ ai, • • • , e 
M}. In particular, dB contains a relatively open set in H. As i? is a 
balanced domain, its intersection with the complex line through X, 
directed at Xq, is a disc containing a line segment within its boundary. 
This contradiction proves (11. 3. 41) for a bounded balanced domain with 
a continuous Minkowski function. 

Now let -B C C" be an arbitrary balanced domain. If {Bj) is an 
exhaustion of B as in Lemma [1.3.41 then \ Hb pointwise. Then 
f ll.3.3p shows that Kb^ \ hs- Now f ll.3.3p follows from the inequalities 
hB < h^s" — ^b" the equality fiBj = h^B^ ^'^ from above. □ 

Proof of U.3.S\) . Observe that the domain Dn from Theorem 11.3.11 is 
pseudoconvex and balanced. Then hd„{0] ■) = hn^ (see Proposition 
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[LO (iv)) so K^rx^iO] ■) = h^o]. Thus ffT:3:2ll is equivalent to 

(1.3.5) hn„y^h^Z~'^. 

To prove this inequaUty, let L„ = {z G C" : Zi = 1}. By triangle 
inequality D„ C D x C""^ and 

F„ := dDn n L„ = {z e C" : zi = 1, z| = 1}, 2 < j < n}. 

Hence dDn^iLn = Fn = {l}xAn — 1, where A is the triangle of vertices 
1, e^'^*/^, e'^'^*/^ together with its interior. Note that dDn fl L„ is a 
(2n — 2) -dimensional convex set. Put F„ = {Y G -F„ : = 1}. 

If X G Fn, then there exist vectors Xi, . . . , X„i G (C"),,,, m < 2n — 2 
such that 'Y^^=i^j = ^ s-^d 'Yl^=i^Dn{^j) = 1 (^i-s -D„ is a taut 
domain). Then Xi/hD„{Xi), . . . ,Xm/hD„{Xm) 

G Fn and the convex hull of these vectors contains X. As F„ is a 
finite set, it is contained Fn in a finite union of not more than {2n — 
3)-dimensional convex sets. So F„ ^ Fn, which shows that h£,^ ^ 

j2n-2) 

n 

Thus Theorem 11.3.11 is proved. 



1.4. Interpolation in the Arakelian theorem 

The aim of this section is to prove a general statement for ap- 
proximation and interpolation over the so-called Arakelian sets. This 
statement will be used in the proof of Theorem 11.5.11 from the next 
section. 

Let us first recall the well-known theorem of Mergelian that gener- 
alizes the theorems of Weierstrass and Runge. 

Theorem 1.4.1. The complement of a compact K G C is a connected 
set if and only if each continuous function on K that is holomorphic in 
the interior of K can be uniformly approximated on K by polynomials. 

The most popular generalization of Theorem 11.4.11 belongs to N. 
Arakelian.*! 

A relatively closed subset E' of a domain D C C is called an Arake- 
lian set, if D* \E is connected and locally connected, where D* is the 
one-point compactification of D. 

Denote by A{E) the set of continuous functions on E that are 
holomorphic in the interior E^ of E. 



*After the proof by N. Arakelian of Theoreni ll.4.2l J. -P. Rosay and W. Rudin 
[111] showed how this theorem follows from the Mergelian theorem itself. 
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Theorem 1.4.2. A relatively closed subset E of a domain D C 
C is an Arakelian set if and only if each function from A{E) can be 
uniformly approximated on E by holomorphic functions from D. 

The next resuh, proven independently by P. M. Gauthier and W. 
Hengartner and A. Nersesyan, provides an opportunity for approxima- 
tion in Theorem ll.4.2[ 



Theorem 1.4.3. [43l u8\ Let D C C be a domain, let E C D be an 
Arakelian set, and let A be a sequence of points in E \ E^ without an 
accumulation point in D. For every A G A, a finite sequence 
of complex numbers is given. Then for each f G A{E) and each e > 0, 
there exists a g E 0{D) such that \g{z) — f{z)\ < e for z E E, g{X) = 
/(A) and g^^\\) = f3^^ for \ e A and u = 1, . . . , u{X). 

Now let us formulate an extension of Theorem 11.4.31 

Theorem 1.4.4. Let D, E, A (possibly A = 0), (5'^ be as in Theorem 
1.4-3\ and let bi, . . .bk G E^. Then for each f G A{E), e > and 



m 



G N* there exists a g E 0{D) with the properties of Theorem 1.4-3\ 



and such that g^'^^bj) = f^'^\bj) for j = 1, . . . ,k and z/ = 0, . . . ,m. 

Proof. We can clearly assume that E ^ D. 
The proof will be divided into four steps. 

Step 1. For each j = l,...,k, there is a function sj G 0{D), 
bounded on E and such that s'j{bj) ^ 0, Sj(6j) = and Sj(6g) ^ for 
an arbitrary q ^ j. ^ 

Indeed, choose a point ceD\E.AsEVJ {c} C is an Arakelian 
set, Theorem ll.4.2l implies the existence of a s G 0{D) such that |S| < 1 
on E and |s(c) — 2| < 1. Put Sj = s — s{bj). As Sj{c) ^ 0, we get sj ^ 0. 
Now as \sj\ < 2 on E, the function 

has the required properties. 

Step 2. There exists a function p G 0{D), bounded on E and such 
that p{bj) 7^ for j = 1, . . . ,k and ordAP > z^(A) + 1 for an arbitrary 
A G A. 

Indeed, if g = on and g(c) = 1, where a E D\E, we can apply 
Theorem [1X3] for E U {c}, g, e = 1 and = 0, z/ = 1, . . . , z/(A) + 1, 
A G A. Thus we get a nonconstant function p G 0{D) such that \p\ < 1 



*This is clear if D is biholomorphic to a bounded domain; in particular, if 
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on E and oidxp > iy{X) + 1, A G A. It remains to put 
r)(z) = ^ z e D 

ni=i(^-^i) ' 

Step 3. Let Sj be the function from Step 1, j = 1, . . . k, and let p 
be the function from Step 2. For each u eN* we put 



P TT ,-+1 



g=l 

Then 

k 



is well defined on D. The function 

k 

My = sup I h 



E . , 



will be also needed in the last step. 

Step 4- We are ready to prove the theorem by induction on m. 

Let m = and g be the function from Theorem 1 1 . 4 . 3 1 for A, {P'O'^^^l 
and jj^- It is easily checked that the function 

k 

go = g + Y.U{h,)-g{h,))h] 

i=i 

has the required properties. 

Put d = mini<j<fc dist(6j, C \ E'^). Assume that Theorem 11.4.41 is 
true for some m > and let g^ be the corresponding function for 
£(1 + Mm+i(m + By the Cauchy Inequality, the function 

k 

gm^i = gm + - 9^:::^"\h))hT' 

has the required properties for m + 1. 

This finishes the induction step. The theorem is proven. □ 

1.5. Generalized Lempert function 

In this section we define the generalized Lempert function (intro- 
duced by D. Coman |22j ) and prove that it decreases under adding 
poles. This function is introduced as an easier and more flexible (in 
some sense) version of the so-called generalized (pluricomplex) Green 
function (see e.g. |58]). 
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Let D C C" be a domain and p > be a function on D. Put 
\p\ = {a e D : p{a) > 0}. 

For z G -D we define 

Id{p,z) = inf{J] |A^,,r(") : 3^ G O(D,D),^(0) = z 

''p{.'^ip,a) = o for each a G 

(for any a G |p| we take one A^^a)- 

From the proof of Theorem 11.5.11 below it follows that such a ip 
exists, if IpI is finite or countable. If |p| is uncountable and such a 
exists, then it is easily seen that 

= Id{p, z) = iniihiPB, z) : B C \p\, < #B < oo}, 

where ps = PXb- 

If there is no such ifj, we can define 

z) = mf{lDiPB, z) : B C\p\, < #5 < oo}. 

The function Id{p,-) so introduced is called Lempert function of D 
with respect to p (a generalized Lempert function). If A is a nonempty 
subset of D and xa is its characteristic function, then we put Id{A, z) = 
^'d{xa,z). This function is called the Lempert function with poles in 
A. Let us note that l£){{a},z) is the usual Lempert function l£){a,z). 

Using the Lempert theorem, F. Wikstrom |118j showed that if A 
and B are subsets of a convex domain D C such that A (Z B, then 
Id{B,-) < Id{A,-), i.e. the Lempert function decreases under adding 
poles. 

On the other hand, in |119j there is an example of a complex space 
not satisfying the inequality (under the same definition of a Lempert 
function) and it is asked whether this inequality is true for arbitrary 
domains in C^. 

The main aim of this section is to give an affirmative answer to 
this question. We will use Theorem ll.4.4[ that is, the possibility for 
interpolation in the Arakelian approximation theorem. 

Theorem 1.5.1. If D G C"' is a domain and p > is a function on 
D, then 

Id{p, •) = mi{lD{PB, ■) -B C \p\, < #B < oo}. 

In particular, loip, •) = inf{/z)(pB, ■) : B C \p\}- 

Corollary 1.5.2. If D G C" is a domain andp,q are functions on D 
such that < p < q, then loiq, •) < Id{p, •)■ 
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Proof. By the above remark, the theorem follows in the case when |p| 
is uncountable. 

Now let IpI = {ajYj^i (/ G N*) be a countable or finite nonempty 
set. Let z & D. 

We first prove the inequality 

(1.5.1) Id{p, z) < iniiloiPB, z) : B C\p\, 0<i^B < oo}. 

Let i? 7^ be a finite subset of We can assume that B = Am '■ = 
{aj)^i for some m <l. 

Let us consider an arbitrary : D — )■ D such that v^(Aj) = a^, 
< j < m, where Aq = and = z. Let t G [maxo<j<rrt |Aj|, 1) and 
Aj = 1 — (1 — t)/j, j G A{m), where A{m) = {m + 1, . . . , Z} for Z < oo 
and A{m) = {j E N : j > m} for / = oo. Consider a continuous curve 
(pi : [t, 1) — )■ D such that ipi(t) = ip{t) and (pi{Xj) = aj, j G A{m). Put 

on Ft = mu [t,l) C B. Clearly Ft is an Arakelian set for D, / G 
A{Ft,D) and A = (Aj)^-^^ satisfies the conditions in Theorem 11.4.41 
Let d{z) = dist{f{z),dD), z G Ft, where the distance is generated by 
the L°°-norm. Choose a continuous real-valued function rj on Ft such 
that 

1] < logd on [t, 1), rj = rninlogc? on tD. 

m 

By theorem 11.4.31 there exists a C G (9(D) such that |C — r^l < 1 on Ft. 
By Theorem 11.4.41 applied to the components of e^~^/, one can find a 
qt G 0(D) such that qt{X) = /(A), A G A and 

\\qt-f\\<\e'^^'^-'\<e^^'^<d{z), z e Ft. 

Thus qt{Ft) C D and so there exists a simply connected domain Ft 
such that Fi C -Et C D and qt{Et) d D. 

Let : D — )■ ii^i be the corresponding Riemann (conformal) map- 
ping, satisfying pt(0) = 0, Pt(0) > and pt{X^j) = Aj. Considering the 
analytic discs qt o pt : Bi ^ D we get 

/ m 

Id{p,z) < Yl lAjlP^"^^) < Yl \X'.\P^''^\ 
j=i i=i 

Note that by the Caratheodory Kernel Theorem, pt for t — 1 tends 
locally uniformly on D to id . Hence the latter product above tends to 
rijLi lAjl^*-"-'''. Since (p was an arbitrary competitor for /d(pU„, z), we 
get the inequality fll.S.ip . 
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On the other hand, the existence of analytic discs containing z and 
|p| easily implies 

Id{v.A > limsup/D(pU„,^), 

which concludes the proof of the theorem. □ 

Remark. The Lempert function does not decrease strictly under 
adding of poles; for example j32( Theorem 2.1] shows that 

ZiD,2({ai,a2} X {ai},0) = |ai| = /D2({ai} x {ai},0). 

The next example shows that our definition of a generalized Lem- 
pert function, in the case of nonexistence of a corresponding disc, is 
more "sensitive" than that from |58] (where in this case the function 
is fixed to 1). 

Example. Let A C D be an uncountable set. Then there is no analytic 
disc if) G C(D,D2), containing A x {0} and (0,w;), w e D^. 

Let B be an arbitrary finite subset of A. From |32[ Theorem 2.1], 

Id{B X {0}, (0,ti;)) = max{Ze(5,0),/B(0,«;)} = max{JJ |^|}. 

So Id{A X {0},(0,w)) = \w\. 

Finally let us note that the generalized Lempert function is clearly 
biholomorphically invariant, but in general not contractible under holo- 
morphic mappings even when they are proper coverings. 

Example. Let i^i^z) = . Clearly vr : — )■ D* is a proper covering 
[D^ = D \ {0}). Let ai = — a2 G D*, c = al and z G D^,, z ^ ai, 02- By 
|56[ Theorem 3.3.7] 

lo,{c,z^) = min{/iD,,(ai,z),/o,(a2,^)} > /©.(oi, ^) ^115.(02, 

On the other hand, by [32^ Theorem 2.1] the last product equals 
Zo, ({ai, 02}, z). Therefore 

^B.(p,vr(2;)) > Zb. (P o vr, 2;) for p = X{c}- 

We conclude this section with the following comment. The proof of 
Theorem ll.S.ll is contained in the paper |86] by the author and P. Pfiug. 
Later, based on the same idea, F. Forstneric and J. Winkelman |3^ 
proved that, for every connected complex manifold, the holomorphic 
discs with dense images form a dense subset of the set of all discs. To 
this aim a nontrivial approximation statement is used and the result is 
the following. 

Let M be a connected complex manifold, c? is a distance generated 
by a complete Riemann metric, A is a countable subset of M, / G 
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0(B,X) and r G (0,1). Then there exists age 0(B,X) such that 
A C g{B)) and d{f {z) , g{z)) < 1 - r for each z E rD. 

A modification of the proof of this fact shows that if, apart from 
A, f, r, we are given a finite subset A of D, then there exists ag a.s above, 
as well as a sequence (yUA)AeA C D, r\fix\ < \\\ such that /(A) = g{fi\), 
A G A. Letting r — )■ 1 one can prove that Theorem 11.5.11 remains true 
for complex manifolds. 

1.6. Product property 

Let Iei{p,-) and Ig{q,-) be generalized Lempert functions of do- 
mains D C C" and G C C". They generate a generalized Lempert 
function Idxg{'^, ") of the product product G x D, where 

In this section we discuss when does the generalized Lempert func- 
tion have a basic property, namely the product property, i.e. 

hxcir, {z, w)) = max{Zz5(p, z), Idq, w)}. 

Let us note that the Lempert functions, the Kobayashi functions, 
and the Caratheodory functions have this property; a similar property 
is true for their infinitesimal forms (see e.g. |56L 158] ). 

We need the pluricomplex Green function go defined as follows: 

gD{z,w) = sup u{w), 

where the supremum is over all negative functions u G PSH(D) such 
that m(-) < logll ■ + Ou{l). Then 

c*D < g*D := expgD < Id 
so for the infinitesimal form of gn, the so-called Azukawa (pseudo)metric, 

Ad[z; X) = limsup — , 

A^-o |A| 

we have 

Id < Ad < kd- 

For example, the theorem of Lempert implies that if D is a con- 
vex domain, then in both the chains of inequalities we have in fact 
equalities. 

Recall that \p\ = {a E D : p{a) > 0}. The next proposition provides 
a necessary and sufficient condition for the product property when the 
support of one of the functions is a singleton. 
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Proposition 1.6.1. If{z,w) E D x G, \p\ = {a} C D, then 

hxcir, {z, w)) = max{/D(p, z), Idq, w)} 

for each function q > on G if and only if /^(a-, z) = g£,{a, z). 

A special case of Proposition 11.6.11 was used is Section 11.51 with a 
quote of [32, Theorem 2.1]. In fact, this theorem is Proposition 11.6.11 
in the special case when q is a characteristic function of a finite set; in 
the general case the proof is similar and we omit it. We only note that 
it is based on the inequality 

hxcir, {z, w)) > max{/z)(p, •), Idq, ■)}, = 1. 

The proof of this inequality, given in |32j for the mentioned special 
case, contains an essential flaw, corrected in the paper |103j of the 
author and W. Zwonek. 

Similarly to the generalized Lempert function, one can define a 
generalized Green function. This function does not exceed the corre- 
sponding generalized Lempert function. In addition, by a result of A. 
Edigarian, it possesses the product property (see e.g. |35|, 158]). 

On the other hand, D. Coman [22j showed that the Lempert and 
Green functions of a ball that have two poles coincide. He was asking 
(see also [58j) whether, like the Lemert theorem, this property remains 
true for every convex domain for every finite number of poles. 

To give a negative answer of this question is one of the reasons for 
our interest in the product property of the generalized Lempert function 
(which shows that this function does not have so typical properties as 
the generalized Green function). More precisely, there are two-element 
subsets A,B of3 and a point z G D such that 

(1.6.1) lji2{A X B,{z,w)) > max{lji{A,z),loiB,0)}. 
As 

(1.6.2) lo{G, z) = go{G, z) = Y\ ^o{c, z), 

cec 

we get that 

ln2{Ax B,{z,(})) > max{l„{A,z),ln{B,(})} 

= max{gD{A,z),go{B,0)} = go^iA x B, {z,0)). 

The inequality f ll.6.ip is first established in by P. J. Thomas and N. 
V. Trao in |114] and independently, but somewhat later, by the author 
and W. Zwonek in |103] . In the latter work the proof is considerably 
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shorter and includes a complete characterization of the two-element 
subsets A and B of D, for which we have the critical double equality 

1„2{A X B, {z,w)) = lo{A,z) = lo{B,w). 

(This characterization shows that the product property is not typical 
for the generalized Lempert function.) By applying an automorphism 
of D^, it suffices to consider only the case z = w = 0. 
Note that, as above, 

/iD,2(r, {z,w)) > go^ir, {z,w)) 

= ma:x{go{p, z), lo{q, w)} = max{/D(p, z), lo{q, w)}; 
in particular, always 

(1.6.3) 1„2{A X B,{z,w)) > max{ln{A,z)Jn{B,0)}. 
Proposition 1.6.2. If A = {01,02} C B)^ and B = {61, ^2} C B)^, then 

(1.6.4) l„2 {A X B, (0, 0)) = 1„{A, 0) = lo{B, 0) 

if and only if there us a rotation that maps A in B. 

In addition, if B = e^^A, G M, then the extremal discs\for lo2[Ax 
B, (0, 0)) are of the form C ^ (e*^C, e^^-^+^^C), <^ e M. 

Remark. From the last statement it follows that the extremal discs 
for lo2{A X B, (0, 0)) pass through two points from the four-element set 
Ax B, although the Lempert function decreases under adding of poles, 
according to Corollary 11.5.21 

Proof. Let = ii^i, ^2) be an extremal disc for lo2{A x B, (0, 0)). Then 
we can find a set J C {1, 2} x {1, 2} and points Zk^i G D, {k, I) E J such 
that 

^{zk,i) = {ak,bi) and JJ \zk,i\ = In^iA x B, (0,0)). 

{k,i)eJ 

First let (11. 6. 41) be true. If #J = 1, we can assume that J = 
{(1,1)}. Then 

|zi,i| = lo2{A X B, (0,0)) = /d(^,0) = \aia2\ < \ai\ = \i'i{zi^i)\ < \zi^i\ 

(according to the Schwarz-Pick lemma), a contradiction. 

If # J = 3, we can assume that J = {(1, 1), (1, 2), (2, 2}. As above, 

1^1, 1^1,22:2,21 = |aia2|- 
On the other hand, as (pi G 0(D,D), v'i(O) = 0, {pi{zi^i) = ipi{zi^2) = 
ai, ^1(^2,2) = a2, we get 

1^1,1^1,2! < |fll|, 1^2,2! < |a2|, 

*As is a taut domain, the infimum in the definition of 1-^,2 is attained and 
the corresponding discs are called extremal 
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with equalities attained when (pi is a Blaschke product of order 2 and 
a rotation, respectively - a contradiction. 
Let = 4. We can assume that 

for some a, /3 G D, t G M. Then 

ZlA^a{Zl,l) = Zi^2^a{zi^2), Z2,l^a{z2,l) = Z2,2^a{z2,2) , 
Zl,l^/3{zi^l) = Z2,1^p{z2a), 2;i,2$/3 (2:1,2) = Z2,2^ p{z2,2) ■ 

Consequently, 

2:1,1 = <^'a(2:i,2) = ^I3iz2,l), ^1,2 = ^I3{z2,2), Z2,l = ^a{z2,2)- 

Hence zi,i = $q, o $^3(^2, 2) = ° ^a{z2,2)- After some calculations we 
get the equality 

(2 - a/3 - al3){zl2{a - /?) + -22,2(a/3 - a/3) + /3 - a) = 0. 
It is easily seen that if a ^ (3, then the two roots of the equation 

z'^{a — /3) + z(a(3 — a(3) = a — (3 

lie on the unit circle. Therefore a = (3, zi^2 = -2:2,1, Zi,i = ^2,2, a 
contradiction. 

Let now #J = 2. We can assume that J = {(1, 1), (2, 2}. Then 
it easily follows that ipii^z) = e'^^^z, '4'2{z) = e^^^z, 61,62 G M, and so 
B = e^M, where 6 = 61-62. 

Conversely, if i? = e*^A, the mapping (id, e*^id) G C(D,D^) is a 
competitor for lj])2{A x B, (0, 0)) and so 

lo{A,0)=lo{B,0)> /p2(Ax 5,(0,0)). 

To get flL6.4l) . it remains to use fll.6.3p . □ 

Corollary 1.6.3. If A and B are two-point subsets of 3 and z G ID)\y4, 
then the set of points w G D such that 

lo{A,z) = lo{B,w) < lo2{A X B, {z,w)) 

has HausdorfJ dimension 1. 

Proof. It suffices to note that the set of points w G D such that 
lji,{A,z) = ln{B,w) has Hausdorff dimension 1, and there are at most 
two points w, for which there is an automorphism of D that maps z in 
w and A in B. □ 

We don't know whether Proposition IL6.2I remains true for sets of 
equal cardinality, greater than 2. Anyway, for a given point {z, w) G 
this proposition and (ll.6.2p provides a large class of counterexamples 
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for the product property of lo2{A x B, {z, w)), where A and B have an 
arbitrary number of elements, greater than 1. 

Proposition 1.6.4. Let z,w E B), A, B C B) and q E (0, 1) such that 
max{lo{A, z),lo{B,w)} = qlo^iA x B, {z,w)) > 0. 

Then 

max{lDiAuAi,z),lG{BUBi,w)} < Idxg{{AuA,) x {BU B^), {z,w)), 
if Ai, Bi C B, A n Ai = B n Bi = and ln{Ai, z)ln{Bi,w) > q. 
Proof. We have 

IdxgHAuAi) X {B[JBi),{z,w)) 

> Idxg{A X B, {z,w))Id>cg{A X Bi, {z,w))Id>cg{Ai x (fi U fii), {z,w)) 
> loxGiA X B, {z, w))Ig{Bi, w)Id{,Au z) 
> max{lDiA, z), Ig{B, w)} > max{/z)(y4 U Ai, z), Ig{B U Bi,w)} 

(the first inequahty is checked immediately; for the second one see 
(II .6. 31) ; for the fourth one - Corollary ll.5.2p . □ 



CHAPTER 2 



The symmetrized polydisc and the spectral ball 

2.1. Preliminaries 

Most of the facts in section can be found in [Tl [2^ ISj [TT| [241 1251. 
[2611371 [58i[T06]. 

Let D C C is the unit disc. Put a = (cti, . . . , a„) : C" — )• C", where 

ak{zi, . . . , Zn) = ^ Zj^...Zj^, l<k<n. 

l<ji<---<jk<n 

The open set = cr(D") is called a symmetrized n-disc. Note that 
Gn is a proper image of the n-disc so it is a pseudoconvex domain. 
Moreover, by |25l Corollary 3.2] we easily get that G„ is even a c-finite 
compact domain (in particular hyperconvex) , so it is a taut domain. 
Its Shilov boundary is (t(T"), where T = d3 is the unit circle. Fur- 
thermore, the group of (holomorphic) automorphisms of G„ admits a 
simple description: 

Aut(G„) = {a{h, ...,h), he Aut(D)}. 

More general, a characterization of the proper holomorphic mappings 
from Gn to itself can be found in [37] . 

We also note that G„ is close to the balanced domains (see Section 
12.41) . More precisely, 

TTxiz) = {Xzi, \^Z2, . . . , A"2„) G G„, A G D, z G G". 

In fact G„ is the set of points (ai, a2, . . . , a^) G C" such that the 
zeroes of the polynomial /(C) = + S^=i(~l)"''^iC"~"') '^o 7^ 0, lie in 
D. Clearly Gi = D. Furthermore, using the above description and the 
Cohn rule (see Section [2^ . we get that 

G2 = {(s,p) : \s-sp\ + < 1}. 

The symmetrized polydisc appears in connection with the so-called 
Nevanlinna-Pick spectral problem. 

Denote by M.^ the set of n x n matrices of complex coefficients. 
The spectral ball n„ is defined by 

i7„ = {A G Mn ■ r{A) = max |A| < 1} 

Aesp(A) 
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(r(y4) and sp{A) are the spectral radius and the spectrum of A, respec- 
tively) . 

The spectral Nevanlinna-Pick problem, that we abbreviate by SNPP, 
is the following: 

Given m different points Ai, . . . , A„ G D and m matrices Ai, . . . , 
Am £ ^n, determine whether there exists a mapping F G 0(D,f2„) 
that interpolates the data, i.e. F{Xj) = Aj for j = 1, . . . , m. 

A nonconstructive necessary and sufficient condition for solvability 
of SNPP is the solvability of the classical problem of Nevanlinna-Pick 
for matrices that are similar to the given ones (see e.g. [TOj ). A more 
effective form of this result for 2x2 matrices can be found in [U]. 
Now let us describe an approach that reduces this problem of n'^m 
parameters to a problem on G„ of nm parameters. 

We say that a matrix A G Mn is cyclic if it has a cyclic vector (i.e. 
C"' = span(v, Av, . . . , A"'~^v) for some v G C"). In the appendix at the 
end of this section we provide some equivalent conditions for a matrix 
to be cyclic. The set of cyclic matrices in f2„ will be denoted by C„. 

For A G A^n, put for brevity <7{A) = a{sp{A)). From the context it 
will be clear whether we mean this a G 0(A^„,C") or cr G 0(C",C"') 
(as defined at the beginning of this section). 

The following basic theorem for lifting a mapping from 0{3, G„) 
to C(D, Qn) holds: 

Theorem 2.1.1. (see [1], I25j ) Given m different points Ai, . . . , A„ G D 

and m matrices Ai, . . . , A^ G C„. Let f G 0{3, G„) so that /(Aj) = 
cr{Aj) for j = 1, . . . ,m. Then there exists F G (9(D, Q„) so that f = 
a o F and F{Xj) = Aj for j = 1, . . . ,m. 

For arbitrary matrices Ai, . . . , Am G Qn for ^ < 3 the possibility 
for lifting a mapping is thoroughly discussed in |93j. 




As Cn is a dense subset of this theorem states that in the generic 
case SNPP is equivalent to an interpolation problem on G„ (clearly one 
cannot expect a similar result in full generality, as the spectrum does 
not contain the full information for a given matrix up to a similarity 
(for example for her Jordan or Frobenius form). As we noted, a basic 
advantage of the second problem compared with the first one is the 
smaller number of parameters. Furthermore, G„ is taut domain, while 
on Qn one cannot apply the typical Montel arguments, since f2„ is 
not even Brody hyperbolic (it contains complex lines). Probably the 
only advantage of f2„ is that it is balanced domain; however this is 
compensated by the previously mentioned fact that Gn is close to a 
balanced domain. 
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The solution of SNPP is equivalent to finding the Lempert func- 
tion of Qn- For cyclic matrices, Theorem 12.1.11 reduces this question 
to finding the Lempert function of G„. Indeed, the following simple 
proposition holds; we omit its proof. 

Proposition 2.1.2. Let D C C"" be a domain, ai,a2 G D, Ai, A2 E D. 

(i) If there exists f G 0{3,D) so that f{Xi) = Oi and /(A2) = a2, 
then loiai, 02) < "^©(Ai, A2). 

(a) ///£)(ai,a2) < "^iD)(Ai, A2), then there exists an f as in (i). 



As usual, m]n)(Ai, A2) 



^"^^^ is the Mobius distance. 

1 — Ai A2 

Note that if for example D is a taut domain, then there exist ex- 
tremal discs for Z^) and so the condition /_d('^15'^2) < "^©(Ai, A2) is 
equivalent to the existence of a corresponding /. However, as men- 
tioned, the spectral ball is not such a domain. On the other hand, 
is a taut domain. Then Theorem 12.1.11 implies that 

(2.1.5) InMi.M) = A^,A2 G Cn 

(and there exists an extremal disc for l^^{Ai, A2)). Note that as o" G 
0(f2„,G„), in the general case {Ai, A2 G Vtn) we have the inequality 
> . 

As the cyclic matrices form a dense subset of and the Kobayashi 
metric is continuous, 

(2.1.6) fcf,„(Ai,A2) = fcG„(a(Ai),a(A2)), A,A2Gfi,. 

The above considerations and the (almost) explicit finding (by the 
method of geodesies) of 

(see the Introduction) permit a complete solution to SNPP for n = 2 
(see e.g. [26j ). As the noncyclic 2x2 matrices are the scalar ones, for 
this purpose it remains just to calculate /q„(A/„, ■) for n = 2 (/„ G A^„ 
is the unit matrix). As f2„ is a pseudoconvex balanced domain whose 
Minkowski function is the spectral radius r, one has /n„(0, ■) = r (see 
Proposition II. 2. II (iv)). Then from 

(2.1.7) $a(A) = (A - A/„)(/„ - \A)-^ G Aut(l^„), 
we deduce 

(2.1.8) /f^„(A/„,A) =r($A(^)) = max mD(A,a). 

aesp(A) 

Hence it also follows that ^2 is an example of a nonhyperbolic pseudo- 
convex balanced domain such that c^^ = S ^^2'^ the other hand, 
fc* (Ai, A2) = /q2(^i,^2) for ^1,^2 G C2. 
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In connection with the use of $a let us note that in |110j there was 
a hypothesis for the complete description of Aut(n„). This hypothe- 
sis has been recently disproved in [65]. Note that for the Euclidean 
ball B„, each proper holomorphic mapping from fi„ into itself is an 
automorphism (see |128j ). 

The approach of complex geodesies is applied in |25j and for some 
special pairs of points from Gn for n > 3. In other words, the Lempert 
function for all these pairs of points coincides with the Caratheodory 
function. However in Section I^TBl we will see that this is not true for each 
pair of points by obtaining some inequalities for the Caratheodory and 
Kobayashi metrics on G„, taken at the beginning. These inequalities 
and the lower estimates from Section [2171 (for the Caratheodory metric, 
and hence for the Kobayashi metric) carry some information for the 
so-called spectral problem of Caratheodory-Fejer. A reduction of this 
problem to a corresponding problem on G„ in the spirit of Theorem 
12.1.11 can to be found in |53l Theorem 2.1]. 

The easiest variant of this problem, that we abbreviate by SCFP, 
is the following one: 

For A G Qn and BEM.ni determine whether there exists a mapping 
F e 0(D, fi„) such that F(0) = A and F'(0) = B. 

In [93] SCFP is completely reduced to a problem on G„ for n > 3. 

As SNPP, SCFP is also connected with finding of k,q„. Similarly to 
(|2X5|) . we have 

(2.1.9) KnM;B) = KG„{a{A),a'^{B)), A e C^, B e Mn, 

where in this case cr^ = a*, a is the Frechet derivative of a at A. Fur- 
thermore, 

r(B) 

(2.1.10) ^^^(XIn,B) = ^^j^, 

which together with \53\ Theorem 1.1] permits a complete solution of 
SCFP for n = 2. 

We conclude the section with the fact that the Caratheodory metric 
and Caratheodory distance on f2„ can be calculated via these on G„ 
(cf. fl2X6|) ). 

Proposition 2.1.3. The following equalities hold: 

CnMl,A2) = Cg„((t(Ai),(t(A2)), ^1,^2 e Qn, 

7n„(A; B) = 7g„(^(^); ct'^B)), A e n^, B E Mn- 

Proof. As cr G (9(G„,D), we have the inequalities > . For the reverse 
inequalities it suffices to show that if / G 0(f2„,D), then there exists 
a (7 G 0(G„, D) such that f = g o a. First note that if A,B G Qn have 
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identical spectra, then there exists an entire curve ip in fi„, passing 
through A and B (see Proposition l2.6.11 (ii)). By the Liouville Theorem 
(apphed for the function f oLp) imphes f{A) = f{B) and so is a well 
defined function. It is holomorphic, since for each layer a^^{a{C)) 
there is a matrix C so that ranker's, = n (see Proposition 12.2. iT) . □ 

2.2. Cyclic matrices 

In this brief section we provide some equivalent conditions for a 
matrix to be cyclic. Part of these will be used at the end of the chapter. 
First let us recall some definitions. 

Let A G A4n, adyi : X — )■ [A,^] is the adjoint mapping of A and 
Ca = ker ad^ is the centralizer of A. 

Let pa{x) = x" + a„_ia;"~^ + - ■ - + 00 is the characteristic polynomial 
of A. The matrix 

/ 
1 



1 




-ao \ 

— ai 

-02 

1 -On-i / 



is called adjoint to A (or to p). 

Proposition 2.2.1. For a matrix A G Ain the following are equivalent: 

(1) A has a cyclic vector. 

(2) A is similar to its adjoint matrix (i.e. it is the Frobenius form 
of A). 

(3) The characteristic polynomial and the minimal polynomial of 
A coincide. 

(4) Different blocks in the Jordan form of A correspond to different 
eigenvalues (i.e. each eigenspace is one- dimensional) . 

(5) C{A) = {M eMn-M = p{A) for some p G C[X]}. 

(6) dimC^ = n. 

(7) ranker^ = n. 

(8) ker a'^ = Im ad^i . 

A matrix with (one of) the above properties is called cyclic. 

Proof. The equivalence of the properties from (1) to (6) are well-known 
and can be found e.g. in [511, 152j . We need to prove their equivalence 
with (7) and (8). 

Observe that if M G Ain^ (i.e. is an invertible matrix), then 

a'AX) = <,_.^^,(M-iXM). 

So to prove that (2) implies (7), we can assume that A coincides with 
its adjoint matrix. Let X = {xij) so that Xij = for I < j < n — 1. 
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Then 



...,(-ir'xi,.) 



and consequently Ima^ = C", i.e. ranker^ = n. 

Let us now prove that (7) imphes (4). Let A G C, and Mx = 
M — XIn- As Pm{x) = PMxi^ + there exists A(A) G A^^^ so that 
a{M) = A{X)a{Mx). Therefore ranker^ = rank cr^^. 

Suppose that (7) is true and (4) is false. There exists an eigenvalue 
A of A such that dimker(y4 — A/„) > 2. Let us complete a basis of 
ker(A — A/„) to a basis of C". Then the matrix A — XIn is transformed to 
a matrix with at least two zero columns and consequently cr„^„(yl— A/„ + 
X) is a polynomial of degree two or more with respect to Xij. Hence 
{o'n,n)*,Ax = ^iid SO rank 0"^ = rankcr^^ < n — 1, a. contradiction. 

At last let us show that (6) + (7) <^ (8). It is easily seen that 
Imad^ C kero"^. Consequently Imad^ = kero"^ if and only if these 
two linear spaces have the same dimension. By the Rank theorem, this 
is equivalent to dimC^ = ranker^. It remains to use that dimC^ > 
n > ranker^ for each A G Ain- D 



In 1966 Lu Qi-Keng |72j formulated the hypothesis that the Bergman 
kernel (see Section 13.31 for the definition) of a simply connected domain 
in C" has no zeroes. 

A domain of this property is called a Lu Qi-Keng domain. This 
hypothesis is rejected in 1986 by H. P. Boas [13] . A review of the 
role of Lu Qi-Keng domains in complex analysis, together with various 
counterexamples, can be found for example in [141 158j . 

Using the Bell's transformation formula, (see e.g. [56j ). in [37] 
the authors find an explicit formula for the Bergman kernel of the 
symmetrized polydisc. This formula implies that G2 is a Lu Qi-Keng 
domain. 

The aim of this section is to provide an affirmative answer of 
[58[ Problem 3.2]. Does the Bergman kernel of G„ have zeroes for 



Thus Gn is the first example of a proper image of the polydisc 
D", n > 3 that is not a Lu Qi-Keng domain, once again showing the 
difference in the structure of G„ for n = 2 and n > 3. 

Now let us state the formula for Bergman kernel of Gn [37] : 



2.3. G„ is not a Lu Qi-Keng domain for n > 3 



n>3? 



(2.3.1) 

K^,X^iX),ai^,)) 



7r"n 



det[(l - Xji^f,) \<j,k<n 



l<j<k<n[i^j - ^k)ifJ'j - /ifc)] 



A,/i G D' 
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Although formally the right-hand side of f l2.3.ip is not defined on the 
whole G„, it is continued smoothly there. From this formula we get 

Proposition 2.3.1. |37[ Proposition 11] G2 is a Lu Qi-Keng domain. 

Proof. From (]2.3.ip it is easily deduced that 

, , - , 2 - (Ai + A2) (7x1 +712) + 2AiA27ii7i2 
^G2(c^(A),a(/i)) = —2 — — . 

Consider an automorphism of D that maps /X2 to 0. It clearly defines an 
automorphism of G2 (see the beginning of Section [2?T1) . Consequently 
it suffices to show that KG^{a{X),a{fi)) 7^ if yU2 = 0. This is trivial 
since |(Ai + A2)7Ii| < 2. □ 

Unlike Proposition I2.3.1| we have 

Theorem 2.3.2. G„ is not a Lu Qi-Keng domain for n > 3. 

Proof. We prove by induction on > 3 that: 

(*) there exist points A, /i G D" with pairwise different coordinates 
such that 

A„(A,/i) := det[(l - \j'JIky\<j,k<n = 

and /„ = A„(-, A2, • • • , A„, fii, . . . , fin) ^ 0. 

Base of the induction: n = 3. We use the following formula (see 
Appendix A): 

(2.3.2) ifo3(a(Ai,A2,A3),a(/xi,/.2,0)) = ^ - K'-)^ + 2c(^) 
where z = 112/7^1 (yUi 7^ 0), = XjJIi, j = 1, 2, 3, and 

a(z/) = (T2(z/)(2 - ai(z/)) + Or3(z/)(2ori(z/) - 3), 

b{u) = {ai{u) - 2){cx2{u) - 2cxi{u) + 3) + 3((T3(z/) - ai{u) + 2), 
c(i^) = a2(z/) - 2ai{i^) + 3. 
For the fixed point z/q = (e*°"/^, e*'^/^, e"*°"/^) the number 

_i^uQ -3V3- VIOVS - 69 

^0 — 6 ;= ;= 

^2(3^3- 5) 

is a root of the equation a(z/o)-2o ~ b{h'Q)zo + 2c(z/o) = (see Appendix 
B). As Zq G D, for z/ G D'^, close to z/q, there exists z E B>, close to zq, 
such that a(z/)z^ — 6(z/)z + 2c(z/) = 0. Now choosing /ii G D such that 
I /ill > |z/i|, |z/2|, Iz/al, we get points X, fj, G with pairwise different 
coordinates so that A^i^X, fi) = 0. 
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It remains to check that /s ^ 0. If this fails, then /3(0) = /3(0) 
/^'(O) = 0, i.e. 



det 



— j — j — j 

fil ^2 f^3 

;i-A27ii)-2 {I-X2JI2)-' (1-A27i2)~' 

;i-A37ii)-^ (l-AsTi^)-^ (I-A37I3)-' 



for j = 0, 1,2. As /ii,/U2,/i3 are pairwise different, the vectors (1, 1, 1), 
(/ii, /X2, Ai3) and (/i^, /i^; /^i) are C-linearly independent. Consequently 
the vectors in the second and third row of the above determinant are 
C-linearly dependent. In particular, i^G2((T(A2, A3), (j(/i2, /i3)) = 0, a 
contradiction. 

Induction Step. Suppose that (*) holds for some n > 3. Choose 
points Ai and A„+i in D, close to Ai and 1, respectively (this guarantees 
that the coordinates of the new points in D"+^ are pairwise different), 
so that 

fi'n+l(Al, A„+i) := A„+i(Ai, A2, . . . , Xn, An+l, /^l, • • • , fJ^n, An+l) = 

and gn+i{-, An+i) ^ 0. Note that 

fl'n+l(Al, An+l) = — ^ + hn{Xi, An+i), 



A 



n+l| 

where hn is a continuous function on D x D. As ^ is a holomorphic 
function, for each small r > the number Ai is the only zero of /„ in the 
closed disc C D of center Ai and radius r. Then m = ™^"Q-p > 0. 

Consequently \fn\ > (1 — |A„+ip)^|/in(-, A„+i)| on dD, provided 1 — 
|A„+iP < ^/m. Fix one such A„+i so that A^+i 7^ Xj,fij, 1 < j < n. As 
hn{-,Xn+i) is a holomorphic function on D, by Rouche's theorem the 
number of zeroes of gn+i{-, A^+i) in D equals the multiplicity of Ai as 
a zero of /„; in particular, gn+i{-,Xn+i) ^ 0. It remains to choose r 
so that Xj, Hj, Xn+i ^ 1 < i < and a zero Ai of A„+i) in 

D. □ 

Remark. The above proof shows that if > 4, then there exist points 
(A, z/), close to the diagonal of D" x D" in the sense that Xj = fij > for 
j = 4, . . . ,n and such that KQ^{a{X),cr{fi)) = 0. On the other hand, 
one can prove that KQ^{a{X), cr{fi)) 7^ if A3 = fi^. 

Appendix A. (12.3.1 1) implies that 
(2.3.3) 

7r^(Ai-A2)(Ai-A3)(A2-A3)7Ii7l2(7Ii-7l2)i^G3(o'(Ai, Ai, A3), a{ni, /i2, 0)) 
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det 



= det 

(1 - ^i)'^ 
(1-^2)-^ 



(1 
(1 



(1 
(1 



(1 
(1 



_ {Vl - '^3)('^2 - V'ilZ 



(1-^3)2(1 
{Vl - U3){U2 - 1^3) Z 



det 



(1-^2)^ 



2£2+2£3 — 2 



n 



l<i<3,l<fc<2 



(2.3.4) 



(2.3.5) 



_ ^^^(^{Ul + U3-2){zU2 + ZU3-2){l-ZU,f{l-U2f 
(z/2 + Z/3 - 2)(ZZ/1 + ZU3 - 2)(1 - Z/l)'(l - ^Z/2)') 



{^1 - ^3){^2 - y-i)z{z - l){A{u)z^ - B{u)z + 2C{u)) 



Hi 



j(l - Aj/ifc)2 



l-l<J<3,l<fc<2'> 

To find A{v), Biy) and C{v), we use that the coefficients of z^, z^ and 
z in the large parentheses of (12.3.41) are equal to 

A{u) = (z/l + z/3-2)(z/2 + ^/3)^/l(l-^/2)^-(^^2 + ^^3-2)(^/l + ^/3)^^2(l-^^l)^ 
-2C{u) = 2{u2 + z/3 - 2) (1 - z/i)2 - 2(z/i + z/3 - 2) (1 - z/2)' and 
S(z/) + 2C(z/) = (z/i + z/3 - 2) (z/2 + z/3 + 4z/i)(l - z/2)2 
-{1^2 + 1^3- 2)(z/i + z/3 + 4z/2)(l - z/i)^ 
respectively. Some trivial calculations show that 

A{u) = (z/2 - z/i)(fr3,2(/^)(2 - a3,i(z/)) + a3,3{u){2ai{u) - 3)), 
C(z/) = (z/2 - z/i)(or2(z/) - 2a,{u) + 3), 
5(z/) = (zy2-z/i)((ai(z/)-2)(a2(z/)-2ai(z/)+3) + 3(a3(z/)-ai(z/) + 2)). 

To infer (12.3.21) . it remains to substitute these formulas in (I2.3.5P and 
then to compare (12.3.51) and (12.3.31) . 

Appendix B. As 



c^i(t'o) 



l + 2V3 + iV3 



, 0-2 (t'o) 



2 + y3 + i3 



(73(1^0) 



pW3 



2 ' -V - 2 

the formulas for a(z/), 6(z/) and c(z/) lead to 

a(z/o) = (3y3-5)e^"/^ 6(z/o) = (672-3^6)6*"/^^ c(z/o) = (273-3)6"*"/^ 
Then for z = e~*°'/^x we have e*'^/^(a(z/o)-2^ — b{uQ)z + 2c(z/o)) 
= (3\/3 - 5)x^ + (3^6 - 6y2)x + 4^3 - 6 =: p{x). 
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It remains to note that the zeroes of the polynomial p are equal to 
v^'layg-s)^^^^ ^^"^ smaller one lies in (0, 1). 

2.4. Generalized balanced domains 

To show that G„ ^ £^ for n > 2 (see the Introduction), we will 
define the so-called generahzed balanced domains. For such domains 
we will find a necessary condition for belonging to S and then we will 
show that G„, n > 3, does not satisfy this condition; for G2 the proof 
is somewhat different. 

Let ki < k2 < ■ ■ • < kn he natural numbers and 

TTxiZi, ...,Zn) = (X'^'z^, X''"ZrX A G C, 2; G C". 

A domain D in C" will be called (/ci, . . . , A;„)-balanced or generalized 
balanced, if ttx{z) E D for each X ell), z E D. Put 

hoiz) = inf{t > : 7ri/t{z) E D}, zE 

(generalized Minkowski function). The function ho is nonnegative and 
upper semicontinuous, 

hD{nx{z)) = \X\hn{z), XeC,zeC^, 

D = e C" : hoiz) < 1}. 

Example. hQ^{a{^i, . . . ,^„)) = maxi<j<„ 

Clearly the (1, . . . , l)-balanced domains are exactly the usual bal- 
anced domains. Part of their properties remain true for the generalized 
balanced domains. 

Proposition 2.4.1. Let D be a generalized balanced domain. Then 
D is pseudoconvex exactly when log ho E PSH(C"). Furthermore, the 
following are equivalent: 

(i) loghn E PSH(C") n C(C") and h^\Q) = {0} (i.e. D is a 
bounded domain); 

(a) D is a hyperconvex domain; 

(Hi) D is a taut domain. 

Proof. Clearly if logho E PSH(C"^), then D is pseudoconvex. 

To prove the reverse implication, let D be (/ci, . . . , A;„)-balanced. 
Put $ : C" 9 (zi,...,z„) ^ (^^,...,2^) e C", D = $-^(D) and 
hj^ = hDO $. Then D = {z G : /id(^) < 1} and hD{Xz) = \X\h{z), 
X E C, z E C". Consequently D is a pseudoconvex balanced domain of 
Minkowski functional Jid- So logliD E PSH(C"). On the other hand, 
hoiz) — hoi %/zi: ■ ■ ■ 1 V^)' ^ ('C")*) where the roots are arbitrarily 
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chosen. Consequently loghu G PSH((C")=k) By the Removable Singu- 
larities Theorem (see e.g. |56j ) we conclude that loghf) G PSH(C"). 

Now observe that the implication (ii)^(iii) is true for an arbitrary 
domain, while (i)^(ii) is trivial, since log/i is a negative exhausting 
plurisubharmonic function for D. To prove (iii)^(i), we first note that 
D is a pseudoconvex domain and so log/iD G PSH(C") according to 
the first part of the proposition. Furthermore, if h]j^{0) ^ {0}, then 
hni^) = for some z. Then D contains the entire curve C 9 A — ?■ 
7T\{z) G C" and so D is not even Brody hyperbolic, a contradiction. 
Now suppose that /id is not continuous. As /i/? is upper semi continuous, 
one can find e > and a sequence of points zj tending to some z so 
that h£){zj) < h£){z) — e. By homogeneity of /i/j, we can assume that 
hoizj) < 1 < hniz) for each j. Then the holomorphic discs D 9 A — )■ 
T^xizj) G D converge (locally uniformly) to the disc B> 3 X ttx^z) G 
C" that is not lying completely within D, a contradiction. This proves 
the implication (iii)^(i). □ 

Remarks, a) The above proof shows that a generalized balanced do- 
main is hyperbolic if exactly when it is bounded. 

b) In the case of a balanced domain, the implication (iii) 
^(i) can be proven also like this. As D is a taut domain, 7^ is a contin- 
uous function. It remains to observe that a taut domain is hyperbolic 
and pseudoconvex; so 7^^(2; ■) = {0} for each z E D and •yc = hn- 

The next theorem provides a necessary condition for a generalized 
balanced domain in C" to belong to the class £ in terms of convexity 
of its intersection with a linear subspace of C". 

Theorem 2.4.2. Let D E £ he a [ki, . . . , kn)-balanced domain in C". 
// 2km+i > kn for some m, < m < n — 1, then the intersection 
Dm = D n {zi = ■ ■ ■ = Zm = 0} is a convex set (we put Dm = D if 
m = 0). 

Proof. The proof is similar to that of \3fi\ Theorem 1]. 

Fix a,b & Dm- Then we can find a domain D' G D that is biholo- 
morphic to a convex domain G, and such that Aa, A6 G -D' for A G D. 
Let \l/ : — 7- G be the corresponding biholomorphic mapping. Af- 
ter a linear coordinate substitution we can assume that ^1/(0) = and 
^'(0) = id. Put 
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Then o gab{^) is a holomorphic mapping from a neighborhood of 
D in D. Let fab{^) = tti/a o o gab{)^)- We will show that 

(2.4.1) lim/„,(A) = ^. 

Then fabW is extended analytically at 0. Consequently h o f^f^ g 
PSH(D) according to Proposition 12.4.11 and the maximum principle 
shows that 

HfabiO)) < maxh{fab{X)) < 1. 

|A|— 1 

Hence ^ G Dm for a,6 G D^, i-e. is a convex set. 

To prove (12XT|) . note that the equalities ^"^(0) = and (^"^)'(0) = 
id imply 

^7' o 9ab{X) = 9abj{X) + 0{\gab{X)\^), J = 1, 2, . . . , n. 
As ^(0) = 0, ^'(0) = id and a,b E Dm, we get 

The inequalities 2km+i > k„ show that 



o 9abiX) _ aj + b 



+ 0(|A|). 



A^^ 2 

Then f l2XT]) is obtained by letting A -> 0. □ 
When m = 0, Theorem 12.4.21 implies 

Corollary 2.4.3. A balanced domain is in the class £ exactly when it 
is convex. 



This follows also from Corollary 11.2.21 that uses the Lempert theo- 



rem. 



The condition 2km+i > kn is essential as seen from the following 
Example. The (1, 2)-balanced domain 

D = {zEC'^ : \zi\^ + 3\z2 + zl\ < 1} 

is not convex (for example, (l,0),(2i,4) G 91?, while (1/2 + 2,2) ^ D)), 
but it is biholomorphic to the (1, 2)-balanced domain G = {z E : 
l^ip + 3|2;2| < 4} (under the mapping {zi, Z2) — )■ (21, Z2 + zD). 

Clearly the symmetrized polydisc G„ is a (1, 2, ... , n)-balanced do- 
main. However Theorem 12.4.21 cannot be directly applied to show that 
^2 ^ £ (since 2ki = k2). Anyway its proof permits us to get 

Proposition 2.4.4. [361 Theorem 1] G2 ^ £. 
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Proof. Assume the contrary. Choose an arbitrary e G (0, 1) and put 
= {z G : /iGa ^ Then we can find a domain D,, that is 
biholomorphic to a convex domain and so that C -De C G2. A 
closer inspection of the proof of Theorem 12.4.21 easily shows that there 
exists a constant q G C such that 

^ ^ \ ^ ^ ^ + Ce(ai — 61)^^ G G2 for each a, 6 G D^. 

If 6^ = arg(c£), then for a = a(£, iee"*"/^), b = a{e, —iee"^^^"^) we get 
c{e) = {e, — 4|ce|e^) G G2. The example at the beginning of this section 
implies that 

e ^— = h^M^)) < 1 

and so lim^^o Q = 0. Thus ^ G G2 for each a,b E G2, i.e. G2 is a 
convex domain. We reached a contradiction, as (2, 1), (2z, —1) G 9G2, 
while (1 + i,0) ^G^. □ 

The above proof can be easily modified to get 
Proposition 2.4.5. If D is a balanced domain, then G2 x D ^ 

Recall that G2 G C When we choose a D E C (for example convex), 
Proposition 12.4.51 gives the first examples of domains in C", n > 3 that 
are in the class C but not in the class S. 

We will now prove that G„ ^ £^ for n > 3. To this aim we need 
the following Cohn rule that permits to learn in finitely many steps 
whether the zeroes of a polynomial lie in D. 

Proposition 2.4.6. (see e.g. [109j^ The zeroes of the polynomial 
/(C) = J2]=o^jC"'~'' > 2, ao 7^ 0) lie in D if and only if \ao\ > |a„| 

and the zeroes of the polynomial /*(C) = -^(^/^^ Hq in D. 

Proposition 2.4.7. Gn ^ £ for n > 3. 

Proof. As Gn is a (1,2,..., n)-balanced domain, by Theorem 12.4.21 
it suffices to prove that if m = [n/2], then the set G„ of points 
{ttm+i, • • • , dn) £ C""™, for which the zeroes of the polynomial /„(C) = 
+ J2j=m+i '^iC"""' lis in D, is convex. 

First we will consider the cases n = 3 and n = 4, and then we will 
reduce the case n > 5 to them. 

Case n = 3. For /3(C) = + pC + Q have 

/3*(c) = ^^^^^'f^^^'^^^ = (1 - -mc+p 
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and _ 

^ (i-|gP)/3(C)-KV3(VC) 

= iil-\q\r-\p\')C-pqa~\Q\')+P% 
By Proposition 12.4.61 after some calculations we get 

Gs = {{p,q)eC^:\q\<l, r(p,g)<0}, 

where 

r{p, q) = \j>q{l - \q\^) - p^g] + - (1 _ \q\^f. 
It is easily seen that if q' G (—1, 1) and p' = 1 — g'^, then = 
(p'e^'^*/^, g') and (^2,52) = (p'e'^*/'^, g'e'^*/^, ) are boundary points for D 
(As r(p', g') = and r{p, q') < for p G — 1,p'))- Then for 

/ N I P1+P2 qi + q2 

[Po, qo) 

we have 



= (p'cos^e"'/2^g'cos^e"'/^) 



bogo(i - IgoH -phol = |pogo|(i - koT + \po\)- 

Consequently 

r{po,qo) = (1 - kol' + bo|)(l + |go|)(bo| + \qo\ - !)■ 
So r{po, go) > exactly when |po| + |go| > 1- For = 1/2 we get 

\Po\ + \qo\ = ^ > 1- 

So (po, Q'o) ^ G3, showing that G3 is not a convex set. 

Case n = 4. Similarly to the previous case we get the equality 
G, = {{p, g) G C2 : IpI + |g|2 < 1, s{p, q) < 0}, 

where 

= (i-|gP)lw((i-|g|Y-br)-p¥l+brigp-((i-|gPf-bP)'. 

It is easily seen that if g' G [0, 1) and p' = {l—q')^yl + q' , then (pi, gi) = 
(pV*/2,g') G and (^2,^2) = (p'e^*/^ g'e^*/^) G (as s{p',q') = 
and s{p',q) < 0, if p G {—p',p'))- Then for 



we have 



l»((i - IgoH' - boH -P^g^'l = bogol((i - kol^ - \po\' + IpoI'M- 

So 

s(po,go) = (i-|gor)((i-|gor)(i+|go|)-bon(i+bo|-|gor)(bo|+|go|-i). 
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Thus s{po, go) > only when \po\ + \qo\ > 1. For q' = 2/5 we have 
|p„| + |,„|._L^3^!P±^ + 2V3j>l. 

Consequently {po, go) ^ G4 and so G'4 is not a convex set. 

Case n > 5. Let j G {0,1,2}. Note that the non-convex set G3 
coincides with the set of points (p, g) e such that the zeroes of the 
polynomial f^{z^), > 1, lie in D. Consequently for n = 3fc + 2 and 
A; > 3, n = 3/c + 1 and > 2, or n = 3/c and /c > 1, we can view G3 as 
an intersection of Gn with a complex plane. So is not a convex set. 

In the remaining cases = 5 and n = 8 it suffices to observe that 
the non-convex set G4 coincides with the set of points (p, g) G such 
that the zeroes of the polynomials C^/4(C), respectively /4(C^), lie in D, 
and then conclude the proof as above. □ 

2.5. Notions of complex convexity 

The main definitions and facts from this section can be found in 
(see also [HD]). 

Recall that a domain is called C-convex, if all its intersections with 
complex lines are connected and simply connected. 

We will define two other notions for complex convexity. A domain 
in C" is called linearly convex if each point in its complement belongs to 
a complex hyperplane, disjoint from the domain. If the last is true for 
each boundary point, then the domain is called weakly linearly convex. 
The following implications take place: 

convexity ^ C-convexity ^ linear convexity 

^ weak linear convexity ^ pseudo convexity. 

On the other hand, in |5l Example 2.2.4] it is shown that a com- 
plete Reinhardt domain, which is weakly linearly convex, is convex. (A 
domain D in C" is called a complete Reinhardt domain if for z E D 
the closed polydisc of center and radius z lies in D.) We will see that 
this result remains true for balanced domains (but not for generalized 
balanced domains, as shown by Theorem I2.5.6p . 

Proposition 2.5.1. A weakly linearly convex balanced domain D G C"' 
is convex. 

For the proof of Proposition 12.5.11 we will use a characterization of 
the (weakly) linearly convex domains. For a set D in C^, containing 
the origin, put 

D* = {zeC'' : {z, w) ^ 1 for each w E D} 
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((■, ) is the Hermitian scalar product). Clearly if D is open (compact), 
then D* is compact (open). Furthermore, D C D**. 

Proposition 2.5.2. (see e.g. [5], I50j ) A domain D in C", containing 
the origin, is weakly linearly convex (linearly convex) if and only if D 
is a component of D** (D = D**). 

Proof of Proposition IK 5. 1\ As is a balanced domain, then it is easily 
seen that D* is a compact balanced set. Consequently D** is an open 
balanced set and in particular a domain. 

We will prove that this domain is convex. Assume the contrary. 
Then there exist points Zi,Z2 G D** , w E D* and a number t G (0, 1) 
so that {tzi + (1 — t)z2,w) = 1. Consequently we can suppose that 
> 1. As D* is a balanced set, w = w/{w,zi) G D* and 
{zi,w) = 1 - a contradiction. 

So D** is a convex domain. Since D is a weakly linearly convex 
domain, D is a component of D** and consequently D = D**. □ 

Let us note that the three notions of complex convexity are different, 
but for bounded domains with C^-smooth boundaries they coincide (in 
the more general case of bounded domains this is not true). We will 
also mention that each C-convex domain in is homeomorphic to C", 
and each domain in C is linearly convex. Also, a Cartesian product of 
(weakly) linearly convex domains is (weakly) linearly convex. On the 
other hand, we have the following 

Remark. A Cartesian product of domains that do not coincide with 
the corresponding spaces is C-convex only if both the components are 
convex. In particular, a Cartesian product of n simply connected non- 
convex domains from C is a linearly convex domain that is biholomor- 
phic to D", yet not C-convex. 

Recall that a domain D with a C^-smooth boundary is convex (pseu- 
doconvex), if the restriction of the Hessian (Levi form) of its defining 
function on the real (complex) tangent space at each boundary point 
of D is a positively semidefinite quadratic form. The following fact 
confirms the intermediate character of complex convexity: a domain D 
with a C^-smooth boundary is C-convex exactly when the restriction 
of the Hessian of its defining function on the complex tangent space at 
each boundary point of D is a positively semidefinite quadratic form. 
The last turns out to be equivalent to the function — 21og(io(-z) near 
dD being of the class of the so-called C-convex functions (see e.g. [5]; 
the number 2 is important); here d£,{z) = dist{z,dD), z E D. The 
pseudoconvex analogue of this Proposition without a smoothness con- 
dition is well-known. Of course we have also a convex analogue, which 
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is given in [46 [ Proposition 7.1] for bounded domains with C^-smooth 
boundaries. To get convinced in this for an arbitrary domain D, one 
can note that convexity of —dn (or, which is the same, of D) trivially 
implies convexity of —logd^,. The converse is also true; it suffices to 
assume the contrary and then find a segment that, except for its mid- 
point, lies within D (see e.g. [50[ Theorem 2.1.27] for a more general 
fact). 

For bounded domains with C^-smooth boundaries the three notions 
of complex convexity also coincide with the so-called weak local linear 
convexity (see e.g. |50[ Proposition 4.6.4]). A domain D C is called 
a weakly locally linearly convex if for each point a G dD there exists a 
complex hyperplane Ha through a and a neighborhood Ua of a so that 
Ha n D nUa = 0- Note that there are bounded domains that are not 
locally linearly convex (see e.g. [60]). In |60l p. 58] it is asked whether 
a weakly locally linearly convex domain needs to be pseudoconvex. 

The next proposition gives more than an affirmative answer to this 
question. 

Proposition 2.5.3. Let D G be a bounded domain with the follow- 
ing property: for each point a G dD there exists a neighborhood Ua of 
a and a function fa G 0{D fl Ua) so that \imz-^a \fa{z)\ = oo. Then D 
is a taut domain (in particular, pseudoconvex). 

Proof. It suffices to prove that if (9(D, D) 3 ipj ^ ip and ip{C) G dD for 
some C ^ then C dD. Assume the contrary. Then we can easily 
find points 77^ — )• ?7 G D so that ^'{rjk) G D, but a = ip^rj) G dD. We 
can assume that rj = and (?a = l//a is a bounded function on Dn Ua. 
Let r G (0, 1) is such that ilj{r3) d Ua- Then ipjlrVi) C Ua for each 
j > jo- Consequently \gaOipj\ < 1 and (by passing to subsequences) we 
can suppose that ga oipj ha G C(rD, C). As haijf) = 0, by Hurwitz's 
theorem ha = 0. This contradicts the fact that haijik) = ga o'^(%) 7^ 
for \rik\ < r. □ 

Corollary 2.5.4. A weakly locally linearly convex domain is pseudo- 
convex. 

For the proof of this corollary it is sufficient to exhaust the do- 
main with bounded domains and for each boundary point to consider 
the reciprocal of the defining function of the corresponding separating 
hyperplane. 

Later note that a linearly convex domain D C C", containing a 
complex line, is linearly equivalent to C x D', where D' C C"^^ [50[ 
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Proposition 4.6.11]. Indeed, we can assume that D contains the 2:1- 
hne. As the complement '^D of D is a union of complex hyperplanes 
not intersecting this line, '^D = C x G and consequently D = C x ^G. 

The next theorem provides some properties of the C-convex do- 
mains not containing complex lines. It generalizes a result of T. J. 
Barth from [7] for convex domains. 

Theorem 2.5.5. Let D be a C-convex domain in C" not containing a 
complex line. Then D is biholomorphic to a bounded domain and is c- 
finite compact, hence also c-complete (c is the Caratheodory distance). 
In particular, D is hyperconvex, so it is a taut domain. 

Based on this theorem, the paper |99] by the author and A. Saracco 
includes various equivalent conditions for a C-convex domain not to 
contain a complex line (the convex case is treated in |17] ). 
Proof. For each point z & '^D denote by some complex hyperplane 
through z disjoint from D. Let Iz be a line through the origin that 
is orthogonal to Lz- Denote by vr^ the orthogonal projection of C" 
onto lz and put = TTz{a) (clearly vr^ and iTt from Section refer to 
different objects). The set Dz = t^z{D) is biholomorphic to D, since it is 
connected, simply connected (see e.g. [H Theorem 2.3.6]) and tIz{z) ^ 
TTz{D). As D is a linearly convex domain not containing complex lines, 
it is easily seen that there exist n C-independent l'^ (otherwise '^D, and 
so D, would contain a complex line that is orthogonal to each lz.). We 
can assume that these lz form the set C of coordinate lines. Then 
D <^ G = Yli (zc^z{,D) and G is biholomorphic to the polydisc D" 
(As the components of G are simply connected planar domains 7^ C, 
so they are biholomorphic to D according to the Riemann theorem). 
Consequently D is biholomorphic to a bounded domain, so it is c- 
hyperbolic. 

Later we can assume that G -D. To see that D is a c-finite compact, 
it suffices to show that lima_>.2 cz)(0; a) = 00 for each z G dD (recall 
that 00 G dD, if D is unbounded). The last statement follows from the 
fact that G D Z) is a c-finite compact domain (being biholomorphic to 
D"). On the other hand, if a — )■ 2; G dD., then — )■ 7r^(-2) G dDz and 
consequently CoiS^] o) > Cd^(0; a^) — )• 00. □ 

The main aim of this section is to show that G2 is a C-convex do- 
main, which together with the fact that Q2 ^ £ (see Proposition 12.4.41) 
gives a negative answer to |125l Problem 4] (see the Introduction). 

Theorem 2.5.6. (i) G2 is a C-convex domain. 

(a) G„, n > 3, a linearly convex domain, yet not C-convex. 
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Remarks, a) Proposition 12.4.51 implies that G2 x C" is a C-convex 
domain that is in the class £, but not in the class £ according to 
Proposition 12.4.51 However we do not have a similar example of a 
bounded domain in C", n > 3. (The most natural candidate is the 
Cartesian product, but according to a remark above this is impossible, 
as the components need to be convex). 

b) It is easily seen that the bounded generalized balanced domains 
with continuous Minkowski functional are homeomorphic to C". So, 
Theorem 12.5.61 (ii) provides the first example of a linearly convex do- 
main, namely Gn, that is homeomorphic to C", ti > 3, but is not 
C-convex, not in the class C and not a scalar product. 

c) Theorem 12.5.61 (ii) shows that Proposition 12.5.11 does not remain 
true for generalized balanced domains. 

d) Although G„ for n > 3 is not a C-convex domain, the conclusion 
of Theorem 12.5.51 is true, i.e. G„ is a c-finite compact domain. This 
fact follows directly from |25[ Corollary 3.2] (see fl2.6.2p ). 

Let us introduce the following notation. Let D be a domain in 
C" containing the origin, and 7^ a G dD. Let T£){a) be the set of 
points z e C" such that the hyperplane {w G C" : {z,w) = 1} passing 
through a does not meet D. 

For the proof of Theorem 12.5.61 we will use the following character- 
ization of the bounded C-convex domains. 

Proposition 2.5.7. [5, Theorem 2.5.2] A bounded domain D in 
(n > 1) containing the origin is C-convex if and only if for each a G dD 
the set Tula) C CP*^ is nonempty and connected. 

Remark. Proposition 12.5.71 directly implies the mentioned fact that a 
C^-smooth bounded domain D in C", n > 1, is C-convex if and only if 
it is linearly convex. 

Proof of Theorem \2.5.(A (i) According to Proposition 12.5.71 we need to 
check that the set r(a) is nonempty and connected for each a G dD. 

First let us take a smooth boundary point a G dQ2'-, without loss 
of generality it is of the form cr(/i), where = 1, \fi2\ < 1- Then the 
tangent plane to at 0, has the form {cr(/xi. A) : A G C} and clearly 
it does not meet G2. So in this case T{a) is a singleton. 

Let now a G dG2 be a non-smooth boundary point, i.e. a = cr{fi), 
where = I/X2I = 1- After a rotation we can assume that /Ui/i2 = 1, 
i.e. fi2 = 'Pi- Then 1^1+^2 = 2Re/xi =: 2a;, where x G [—1, 1]. 

The complex lines through a that meet G2 have the form a + C(a — 
cr(A)), where A G D^. Consequently the complement of r(a) can be seen 



57 

as the set 

A = { \ / : Ai,A2€P}. 

A1A2 — i 

Connectedness of r(a) means simply connectedness of A. Note that 
if > 1, then ^ maps the unit disc D in the disc ©(iqf^, p^ri)- 
So the set {^^^ : A G D} coincides with 



-^-■=°<^W^- 1-|A,> 

As A = Uaisd^Ai C C, a is a simply connected set. 

(ii) To prove the linear convexity of G„, consider a point z = cr(A) G 
C" \ We can assume that |Ai| > 1. Then the set 

B = {o-(Ai, /ii, . . . , : /xi, . . . , G C} 

is disjoint from G„. On the other hand, it is easily seen that 

B = {(Ai + Zi, XiZi + Z2, ■ ■ ■ , \lZn-2 + Zn-l, \lZn~l) : Zi, . . . , Zn-1 G C}; 

so -B is a complex hyperplane. Consequently G„ is a linearly convex 
domain. 

To prove that G„ is not a C-convex domain for n > 3, we consider 
the points 

at = a{t, t, t, 0, . . . , 0) = (3t, t^ 0, . . . , 0), 

bt = a{-t, -t, -t, 0, . . . , 0) = (-3t, 3^^ -^^ 0, . . . , 0), t G (0, 1). 

Clearly at, 64 G &„. Denote by Lt the complex line through at and 64, 
i.e. 

Lt = {ct,x := (3t(l - 2A), 3t^ t3(l - 2A), 0, . . . , 0) : A G C}. 

Suppose that G„ fl is a connected set. As at = ct, and bt = ct,l, 
Ct^x G Gn for some A = 1/2 + ir, r G M. Then 

Q = (-6irt, 3f, -2iTt^, 0, . . . , 0). 

Let Cr = cr^fi), fi G D". We can assume that /ij = 0, j = 4, . . . , n and 
-SQtH'^ = (/ii + /i2 + f^sf = fJ'l + f^l + f^l + 6t^. Then 

^2 _ |/ii+/i2+/^3l ^ 3 ^ 1 

36r2 + 6 36r2 + Q - 2' 

Consequently G„ fl Lt is not a connected set for t G [1/v^, 1) and so 
Gn is not a C-convex domain. □ 
The fact that G2 is a C-convex domain is also a consequence of a 
recent result by P. Pflug and W. Zwonek [107] which also confirms the 
Aizenberg hypothesis. Let first recall that a C^-smooth domain D in 
C" is said to be strongly linearly convex if the restriction of the Hessian 
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of its defining function on the complex tangent space at each boundary 
point of D is a positively definite quadratic form. 
Considering functions of the form 

reis,p) = |s - sp\ - (1 - \p\'^y + e, 

one can show the following 

Theorem 2.5.8. (see |106j ) The domain 



^2 = {is,p) : V\s-sp\+e+ \p\^ < 1, ee (0, 1) 

is strongly linearly convex. Consequently, G2 = can be exhausted by 
strongly linearly convex domains and hence G2 is a C-convex domain. 

Since G2 ^ S, we get immediately 

Corollary 2.5.9. ^ £ for e > small enough. 

2.6. G„ ^ £ for n > 3 

As mentioned in the Introduction, G2 G C, i.e. the Caratheodory 
and Lempert functions of the symmetrized polydisc coincide. The main 
aim of this section is to show that this property no longer holds in higher 
dimensions, i.e. G„ ^ C for n > 3, which solves |58[ Problem 1.4]. 

Let n > 2, z G and A G D. Put 

By |25[ Theorem 3.1], z G G„ if and only if sup^j^gg I /a (-2) I < 1- So for 
the function of Caratheodory we have 

(2-6.1) c*^^{z,w) >mG„{z,w) := max\mn{fx{z)Jx{w))\. 



Note that is a distance on G„. Furthermore, by |251 Corollary 
3.2] lim^^dG^ mG„{z,w) = 1 and consequently 

(2.6.2) lim cg„{z,w) = 00, 

i.e. Gn is a c-finite compact domain. 

The next basic proposition is used in the proof of Propositions 12 . 8 .T] 
and 12.1.31 It bears information for the zeroes of Iq^ and . 

Proposition 2.6.1. Let A, B E ^In o,nd 

5)= min max mD(A,/i). 

Aesp(A) /xesp(B) 

Then: 
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(it) InAAB) = ^ c^nAAB) = ^ sp(A) = sp(5) ^ Sy; e 
0(C,fi„) : ipiO) = A,ip{l) = B. 

(in) if the eigenvalues of A are equal, then the eigenvalues of B are 
equal ^c*^^{a{A),cr{B)) = 5) ^ /g„KA), = s{A,B). 

Proof, (i) The inequality on the left is noted in the Introduction (it 
follows from the holomorphic contractibility of the Lempert function). 

To prove the inequality on the right, let J a and Jb be Jordan 
normal forms of A and B, respectively. As a nonsingular square matrix 
X can be expressed in the form X = e^, we get A = e^'^J^e"^-* and 
B = e^^Jse-^^, where Ya,Yb G A^(C"). We have J„ = {ajk)lk=i, 
where sp(74) = {an, . . . , a„„}, a^j+i = 0,1 and ajk = 0, if j < k 
or j > k + 1. A similar representation is valid for Jh = {bjk)^f^^^. 

Let A G sp(y4) and A = max^gsp{_B) Pd(A, yu). Then one can easily find 
(fjj G (9(D,D) so that v^jj(O) = ajj and = bjj. Clearly we can 

choose (fjj+i G C(D,D) and ip G 0(D,Mn) so that ^Pjj+iiO) = cijj+i, 
<Pjj{X) = bjj and ipi^) = ^a, i^i.^) = B. Put ipjk = 0, if j < or 
J > fc + 1, and = {^jk)lk=i. Then e^^e-"^' G 0(D, and (^(0) = A, 
V9(A) = -B, which completes the proof. Consequently Iq,^{A,B) < |A| 
and as A G sp(A) was arbitrary, we get the inequality on the right. 

(ii) Clearly 

InM.B) = ^ c^„(A5) =0 = 0^ sp(A) = sp(5), 

since c*^^{A,B) = c}^^{a{A),a{B)) according to Proposition 12.1.31 If 
sp(A) = sp(i?), then as in the proof of the inequality on the right (i), 
we can find ip G C(C, fin) so that ip{0) = A and ip{l) = B, leading to 
the implication sp(y4) = sp(i?) =^ luniA, B) = 

(iii) By Cq < /g„ < s (see (i) for the last one) we get the implication 
cl^{a{A),a{B)) = s{A,B) l^„{a{A),a{B)) = s{A,B). 

Later, using $a (see fl2.1.7p ) we can assume that the eigenvalues of 
A are equal to 0. 

To prove that if the eigenvalues of B are equal e.g. to /i, then 
Cq^(0, (j(-B)) = s{0,B){= |/i|), it suffices to construct a function / G 
C(G„,D) so that /(O) = and f{a{B)) = ji. An example of such a 
function is /(^i, . . . , z„) = ^^+;+^" . 

It remains to prove that if /g„(0, (y{B)) = s(0, B), then the eigenval- 
ues of B are equal. Let sp(i?) = (z^i, . . . , z/„). Let \/l = {l,e, . . . , e^~^}. 
For each Blaschke product B of order < n such that B{0) = 0, consider 
the mapping 

A ^ /e(A) = a{B{ v^),B{ev^),..., Bis''-' v^)) 
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(where a/A is arbitrarily chosen). It is easily seen that /g G 0(B, G„). 
We need the following 

Lemma 2.6.2. Let 6i,. . . ,6n € T be pairwise different points. Then 
for aritrary points i/i, . . . , z/„, G D there exists /3 G D and a Blaschke 
product B of order < n such that 

Proof. Let S be the set of all /3 G D such that the classical Nevanlinna- 
Pick problem with data (0, 0), i^i), . . . , (5„/3, z/„) has a solution, 
i.e. there exists / G C(D,D) so that f{6j(5) = uj, 1 < j < n. Re- 
call that this condition is equivalent to the positive semidefiniteness of 
= [a,,,mi,^,, where = ^^^g^ (see e.g. 00]). Note 

that the function a^^fc, j ^ k, is bounded on D. On the other hand, 
lim^_j.T = +00. Consequently the matrix A[I3) is positively semi- 

definite when /3 is close to T. We can assume that ^ S" (otherwise 
put B = id) and then S" is a proper nonempty closed subset of D (con- 
sisting of circles). So it has a boundary point /3o G D. Consequently 
the number m = rank A(/3o) is not maximal, i.e. m < n + 1. Thus 
the corresponding problem of Nevanlinna-Pick has a unique solution, 
which is a Blaschke product of order m (see e.g. |40] ) . □ 

The lemma for 6j = , 1 < j < n, implies that 

l^„{0,a{B))<\pr. 

It remains to prove that if > |z/j| for each 1 < j < n, then ui = 
■ ■ ■ = Vn- After a rotation we can assume that 

. aoz^ + aiz^''^ H h 

B[z) = z 



ttkZ^ + flfc-i-z^ ^ H h ao' 



where Oq = 1 and A; < n-l. As \vj\ > \B{€^l3)\, we get > |i3(e^73)|, 
i.e. 

IfSr'lMe'P)" + ak-i{e^f3)'''' + ■ ■ ■ + ao| 
> |ao(£^'/3)' + ai(£^'/3)^-i + --- + afc|. 
By squaring we get 

k 

s=0 0<p<s<fc 

A: 

s=0 0<p<s<A; 
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Adding these inequalities for j = 1, . . . , n yields 

s=0 s=0 

i.e., 

k 

J]|a.p(|/3|2(-+^-i)-|/3p(^-^)|)>0. 

s=0 

As k < n — 1, then k — s<n + s — lifs>0 and so = 0. On 
the other hand, Oq = 1 7^ and consequently k = n — 1. We thus got 
,6(2;) = z"' and hence z/i = ■ ■ ■ = □ 

Let ei, . . . ,e„ be the standard basisi in C" and X = Yl]=i-^j^j- 

Put 

h{X) = ' and p„(X) = max|/,(X)|. 

n AeT 

By (12.6.11) we get the following estimate for the Caratheodory metric 
of Gn '■ 

7G„(0;X)>^hm^ ^ = ^"W- 

Let Lk^i = span(efc, e/). Clearly if X G L^^i, k I, then 

fc|Xfc|+/|X,| 
n 

As noted, one of the basic results that motivate the discussion of 
the symmetrized bidisc is the fact that G2 G £. More precisely (see 

in particular = 7^2- 

The next proposition shows that Gn does not have similar properties 
for n > 3. 

Theorem 2.6.3. (i) If k divides n, then /tG„(0;efc) = Pn{,^k)- Conse- 
quently, if also I divides n, then kg,^{0;X) = 7(^^(0; X) = Pn{X) for 
X G Lk i. 

(ii)Ifn>3 and X G \ (Li^i U Ln,n), then (0; X) > p„ (X) . 
(Hi) If k does not divide n, then 7G„(0;efc) > Pn{^k)- 

As Gn is a taut domain. Theorem 11.1.21 and (ll.l.ip imply 

Corollary 2.6.4. If n > 3, then 

/G„(0,-)>A:a„(0,-)>4„(0,-)>mG„(0,-). 
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Remark. Clearly G2 is a domain that is biholomorpliic to G2nf^Ln,2n- 
Then, unlike Theorem 12. 6. 3^ for z,w E L„ 2n we have 

"^G2„ (z, w) < m(G2„ (z, w) < (z, w) = rriG^ (z, w) < m^^^ {z, w) 
and so Ig2,Xz,w) = 171^.^^(2,10). 

Corollary 2.6.5. The convex hull of the spectral unit ball Qn is 

fi„ = {A G Mn{C) : h^^^{A) = I ti A\/n < 1}. 
Proof. By d^XB]) we get 

(A) = Pte (0; A) = lu„ '-h^ = „,„ ^MA))^ 

As 

= {t tr A + o{t),o{t),...,o{t)) 

and G„ is a taut domain, Theorem 12.6.31 (i) implies that the last limit 
equals 

kg„(0; (trA)ei) = |trA|/n. □ 



Remark. Corollary 12.6.51 can be proven algebraically, too. 

Proof of Theorem \2.6.3[ (i) For 1 < j < n and C ^ I^i put ipj{C) = 0, if 

does not divide j, and = ("/fc)C"'^'^) if k divides j. As the zeroes of 

the polynomial lie in D, we get (f = {(fi, ...,ipn)e 0(D, G„). 

Furthermore, v^'(O) = nck/k and so 

'^G„(0;efc) < n/k = pnick). 

The opposite inequality is straightforward. 

(ii) First note that if A G T, then tta G Aut(Gri). Furthermore, 
/tG,^(0;AX) = Kg,j(0;X). These two facts imply that we can assume 
that Xi,X„ > 0. " 

As 

K^„{0;X) > «:G„-,(Pn,i(0);p;,i(0)(X)) 

by induction on n we get kg„(0; X) > ^63(0; Y), where 

Y = 3Xiei/n + X„e3 = Yid + Fges- 
Suppose that fi;G„(0;X) = p„(X). Then 

Pn(X)>KG3(0;r)>p3(>^)=Pn(X) 
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and consequently kq.^{0;Y) = PsiY). As G3 is a taut domain, there 
exists an extremal disc for kq^IO; Y) of the form 

^(C) = (C¥'i(C),C^2(C),C¥'3(C)), 

where ip'{0) = Y/psiY), 



(2.6.3) ^i(O) 



^2(0) = 0, ^3(0) 



3(Fi + 3r3)' "^^"^ .-o,^, 3(ri + 3F3j 

Note that /a G C(D, D) and fxoip{0) = for each A e D. For A G 
and C G D put 



ELiJ^i(C)A' 



C 3 + 2C^i(C)A + C¥'2(C)A2 

We have gx G (9(D,D) according to the Schwarz-Pick lemma. By 
f l2.6.3p we get 5'±i(0) = 1 and so g±i = 1 by the maximum principle, 
i.e. 

<f^{0 ± 2^2(0 + 3^3(0 = 3 ± 2C(/^i(C) + (MO- 
These two equalities imply that 



<^2(C) = Cv'i(C) and (/53(C) 



-^i(C). 



Let ^(C) = MC)/^- Now by gx G C(D,D) for A G T we get 
V^(C) + 2AC^(C) + A2(1 + ((2-1)^(0) 



1 + 2ACV^(C) + X'Cm 
^(C)(1 + AC)^ + A2(1-^(C)) 



< 1 



< 1 



v^(c)(i^Acp + 1 - m 

^ Re(^(C)(l - ^(C))((A + 0' - (1 + AC)')) < 0. 
li X = x + iy,C = ir,r eR,a = Re(V'(C)) - |V'(C)P,& = Im(V'(C)), then 
y{a{2r - y{r^ + 1)) + hx{l - r^)) < 0, V + = 1. 

Then for a; = we get a > 0. On the other hand, leaving ?/ — > 0^ yields 
— 2ar > (1 — r^)|6|. Consequently a = 6 = 0ifr>0. Then by the 
uniqueness principle we get = Q 01 ip = 1. So Xi = or X„ = - a 
contradiction. □ 

(iii) Let \/T = {^1, . . . For z G G„ and A G D such that the 
denominator of the first formula below is nonzero, put 

E"=iJ^jAJ' 



g,{X) = Xfxiz) 



9z,k{X) 



n + E"=i (J^ - J>i A^' 

Ej=i^^(OA) 

kX^ 
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The equalities X]j=i ^J* = 0, m = 1, . . . , — 1, and the Taylor formula 
show that gz,k is extended analytically at 0. More precisely, gz,k{S^) = 
Pk{z), where is polynomial such that §^(0) = k/n and 

Pk{tWi, t^W2, rWn) = t^P{w), t,Wi,W2, . . . ,Wn e C. 

The maximum principle implies that g^^k ^ 0(D,D). In particular, 
|-Pa;(^)| < 1- To prove the desired inequality 7G„(0;efc) > Pni^k), it 
suffices to show that |-Pfc(-2)| < 1 for 2; G G„. Assume the contrary. 
Then Pk{z) = e*^ for some 6* G M and z G G„. The maximum principle 
and the inequality of imply that gz{C,j^) = e^^A*^, A G T, 1 < j < fc. For 
= 1 we get 

n n—l 

Comparing the coefficients of the corresponding powers of A, we get 
Zf, = e'^n/k, Zn+i-k = ■■■ = Zn-i = and 

{k + i)zk+j = e'-\n - j)zj, 1 < j < n - k. 

These equalities imply that Zki = 1 < I < [n/k]. On the other 

hand, as k does not divide n, n — k < k[n/k] < n and so -2fc[n/fc] = 0, a 
contradiction. 

2.7. Estimates for 7G2„+i(0;e2) 

One of the aims of this section is to measure the quantities in the 
inequality of Theorem 12.6.31 (iii) in the simplest case. More precisely, 
we will find 7G2n+i(0; ^2) with an error of o{n~^). To this aim we use that 
7G„(0;ej) solves an extremal problem for a class of polynomials. This 
observation, combined with computer checks, allows us to show that the 
Caratheodory and Kobayashi metrics do not coincide on G3, thereby 
sharpening Theorem 12.6.31 Probably our approach can be applied for 
obtaining the same result for G„, n > 4. 

Let n,k eN, k <n. Note that 

KG„(0;efe) < fi;G,[„/,] (0; Cfc) = l/[n/k]. 

Consequently 

k/n< 7g„(0; e^) < /«g„(0; e^) < I /[n/k]. 

in particular. 



lim n7G„(0;efc) = lim nKG„(0;efc) = k. 

n^oo n— >-oo 
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Let now n > 3 be an odd number. Then 2/n < 7G„(0;e2) by 
Theorem 12.6.31 (iii). On the other hand, 

7G„(0;e2) < KG„(0;e2) < 

We will later improve both estimates. For the upper estimate we 
need the following. Let D C be a (fci, . . . , /c„)-balanced domain. 
Denote by Vj the set of polynomials P such that sup^, |P| < 1 and 
P o = P, A G C. Put Cj = span(ej, . . . , e/), where / > j is the 
greatest index such that ki = kj. The proof of Theorem 12.6.31 (iii) easily 
implies that 

Proposition 2.7.1. If D G is [ki, kn) -balanced domain and 
X G £j, l<j <n, then 7d(0;X) = sup{|P'(0)^| : P e Vj}. 

Remarks, a) This proposition directly implies that if D is balanced 
domain, then 

7d(0;X) = sup{|L'(0)X| : sup \L\ < 1, L - linear function} 

D 

and so 7z)(0; •) = 7£)(0; •) (for the last one see also Proposition 11.2.11 
«)• 

b) Another corollary is the formula 

(2. 7. 1) 7^:^^ (0; ea) = inf max | Z2 + czl \ . 

In spite of this formula, 7G2„+i(0;e2) is hard to calculate (see Lemma 
[2m for n = 1). 

c) If n is an even number, the extremal polynomials for 7g„(0; 62) = 
2/n can differ not only by a constant of an absolute value 1. For 
example, after some easy calculations, by the proof of Theorem 12 . 6 . 31 we 
get the polynomial 2z2/n—{n—l)zf/n'^, but the polynomial {2z2—zf)/n 
is also extremal. 

Proposition 2.7.2. If n > 3 is an odd number, then 

2 ( 2 \ 2 ( 2 

- U + 7 IV ^o^ < 62) < - 1 + 7 TTT^T^ 

n\ (n— l)(n + 2)/ n\ (n — l)(?2 + lj 

Proof. Lower estimate. Let us first see that the polynomial 
satisfies the equality 

(n-l)(n + 2) 
max \PJ = M„ := ^ — 
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So if 

_ n ^ n 

then maxiT" \gn\ = Mn- To prove the last one, let M* = maxir" \gn\- As 
g^{e'H) = e^'^Qnit) for each G M, t G C", there exists point m G T" 
such that gn{u) = M*. Putting Uj = Xj + ii/j, Xj,yj G M, 1 < j < n, 
we get 



^11/ ^ II, I L 

n ^ n n 



2(n + 1) n + _ . ^ 

by the Cauchy-Schwarz inequality and the equalities y1 = l—xf, . . . ,y'^ - 
l — x\. The last expression is a linear function for each Xj. Consequently 
it is maximal for 1 and/or —1. As n is odd, 

, in — l)n n — 1 

M* = -T H = Mn, 

2(n + 1) n + 1 

with maximum attained only if [n/2] or [n/2] + 1 among the numbers 
tj are equal to some to ^ T, and the rest to — to- 

Using this fact one can easily prove that if e > is sufficiently small 
and 

n n 

gnAt) = 9n{t) + sY,^) - e{n + l){Y,hf ^ ^ eC", 
i=i i=i 

then \gn,s\ < Mn- Consequently for 

„ n — l — 2n{n+l)e 

= 2(n + l) - <^ + 

one has the inequahty maxg^^ \Pn,e\ < showing that 

1 2 
7G„(0;e2) > — = - ( 1 + 



Mn n\ (n- l)(n + 2)_ 
Upper estimate. By (12.7. ip we need to prove that if c G C, then 



mn,c '■= max \z2 + cz^] > 



2, ^ - 1) 



e9G„ ' " ^' 2(n2 + 1) ■ 
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The coefficients of the polynomials {t — 1)" and {t — — 1) ^ give 

and zi = 1,Z2 = 



two points z E dGn such that zi = n, Z2 = and Zi = 1, Z2 = 



respectively. Then 

2?^ra,c > max{|n — 1 — 2c|, |n(n — 1) + 2cn^|} 
and consequently 

2(n^ + l)m„,c > I'^^l^ - 1) - 2cn^| + - 1) + 2cn^\ 
> in?{n — 1) + n{n — 1) = n(n^ — 1). 
This means that m„^c > 2(ra2+ij • Suppose that we have an equality. 



Then c = — 2(^^2q^- On the other hand, the coefficients of the polyno- 
mial {t — i){t — give a point z G 9G„ such that Zi = n — l + i, Z2 



^2 2(n2+l)^l 



> tttVttt, a contradiction. □ 



("-iK"-2) + (^_l), and 

Let now D be a domain in C", z G -D and A; G N. Denote by 
^^^\z; X) the largest pseudonorm not exceeding the k-th Caratheodory 
pseudometric 

7g^(z;X) = sup{|/f : / G 0(1^, D), ord, / > k}, 

where 

\a\=k 

(One can define similarly the k-th Kobayashi pseudometric, which is 

essentially different from the Kobayashi pseudometric k^'' of order k, 

defined in Section [LTj) . 

As 7d(^; ■) is a pseudonorm, 

, .(fc) , . 
Id < Id < f^D- 

Also note that, since the family 0(G3,D) is normal, the argument in 
the proof of Theorem 11.3.11 shows the existence of m < 2n — 1 M-linearly 
independent vectors Xi, . . . , Xm G C" of sum X, so that 



m 



^^^\z;X) = J2j^^\z;X). 

(2) 

Theorem 2.7.3. 7jjg (0; 62) > 703(0; 62). In particular, kG^{0;e2) > 
703(0; 62) and consequently k^siO, ■) 7^ 0^3(0, ■). 

This theorem follows from the two lemmas below. 



Lemma 2.7.4. 703(0; 62) < Co := J ,,J^^,, = 0,8208 



Lemma 2.7.5. 7^?](0;e2) > Ci = 707675 = 0,8215.... 

Proof of Lemma \2. 7.4\ By ( I2.7.ip we need to show that if c G C, then 

I 2|2 \ /^-2 

max Izo — cz,\ > Cn . 

z&dGs 11-0 

It suffices to show this inequahty for c G M. Indeed, for each z G dG^ 
we have z G dG^ and so 

2 max — CZ]^ I > max (|2;2 — cz-j^ \ + \z2 — czi\) 

> max |22;2 — (c + c)z^| = 2 max \z2 — Re(c)2;^|. 
Let now c G M. Then 

max|22-c2?P> max |1 + 2e*'^ - c(2 + e*'^)2p 
2e9G3 </'e[o,27r) 

= max (4c(4c - 1) cos^ ip + 4(10c^ - 7c + 1) cos(y9 + 25c^ - 22c + 5). 

</3G[0,27r) 

Put 

fc{x) =4c(4c-l)x2 + 4(2c-l)(5c-l)x + 25c^-22c + 5, x G [-1,1]. 
Ifc^A= (|,^),then 

/g _ a/T7\ ^ 1 
max = max{/e(-l), /^(l)} > > 

a;e[-l,l] \ 4 / Oq 

Otherwise 

/10c^-7c+l\ (3c -If 

max fc x = tc 7 ^ — = r =: 9 c 

xGhi.i^^ ^ V 2c(l-4c) J c(4c-l) ^ 

and it remains to see that mincgAfi'(c) = g j = □ 

Remark. Let Cq = ^^'^ ^ ~ ^^^zedGs \z2 — cozf]. As in the 

proof of Proposition 12.7.21 we have 

M = max Re(2;2 — Cqz^) = max h{a, (3, 7), 

where 

/3, 7) = (1 — 2co)(cos(a + f3) + cos(/3 + 7) + cos(7 + a)) 
—Co (cos 2a + cos 2/3 + COS27). 

The computer calculations show that the critical points of h (up to a 
permutation of the variables) are of the form (fcvr, /vr, mvr) or (±ao + 
j7r/2 + 2kTT, ±ao + j7r/2 + 2/7r, ±70 + j7r/2 + 2m7r), A;, /, m G Z, j = 
0, 1, 2, 3. Then the proof of Lemma 12.7.41 implies that M = Cq^, i.e. 
703(0; 62) = Co. 
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Proof of Lemma \2. 7.5[ Let 

f{z) = 0, 675z^ - 0, 29122^1^ + 0, OSS^. 

We will check first that max^gaGs < 1 by reducing the check to 

finitely many points, and then using a computer program for them. 
Put e= {61,62), 61,62 G [0,27r), 

g,{6) = 1 + e''' + e''\ 92(6) = e*(^i+^2) + ^ie. + ^^e2^ 

g{6) = 0, Q7^gl{6) - 0, 2<dl g2{6)gl{6) + 0, 033(7^(0). 
We have to prove that max \g[6)\ < 1. Let 

= max{|^^i- ^1 1,1^^2-^2!}. 

As \e'^^ - e'^^ I < \6j -6j\, j = 1, 2, we get 

\gm-9im < 2d{6,~6), \g^{6) - g2{d)\ < Ad{6,~6). 

Then the inequalities \gi\ < 3, |(72| < 3 imply 

\g{6)-g{6)\ < (0, 675-2A + 0, 291-72 + 0, 033-2l6)d{6, 6) = AA,28d{6, 6). 

Let now 61, 62 vary in the interval [0; 6, 2832] D [0, 2it] with a step 
of 4 ■ 10~^. The results of the corresponding computer program (see 
Appendix C) show that \g{6)\ < 0, 999 for the variable 6 = {61, 62). (In 
fact these results lead to the hypothesis that max \g{6) \ = 0, 999, with 
a maximum attained at the points (0,7r), (vr, 0) and {tt,tt).) Then by 
the inequalities \g{6) - g{6)\ < AA,28d{6,6) and ^ ■ 10'^ > 4 • 10"^ 
we easily get max \g{6)\ < 1. 

Of the above it follows that if X G span(ei, 63), then 

7g(0;e2 + X) > 1/(^^62 + X)|/2 = |/(^)(e2)|/2 = C,. 

On the other hand, recall that there exist five vectors Xi, . . . , X5 G 
(some of them can be zero vectors) of sum 62 and such that 7^ ^(0; 62) -- 

E-=i7S(0;X,). As 7g(0;X,) > Ci|(X„e2)|, we get 7g(0;e2) > 
Ci. □ 

Remark. An important moment in the above proof is finding a poly- 
nomial of the form f{z) = az| + bz2zf + czf such that maxa^g |/| < 1 
and ^/a > Cq. Computer experiments show that the maximal value of 
a is 0, 676 . . . , i.e. very close to the number 0, 675/0, 999. 

(2) 

Finally let us note that 7g„(0; ■) is not a norm. 
Proposition 2.7.6. //Xi,X„ G C, then 



(0; Xiei + X„e„) > W^— 7g„(0; e2)|XiX„|. 
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In particular, as 763(0; 62) > 2/3 and 7g„(0; e„) > 2/n, it follows that 
7^(0' ^^1+^") > 2 = KG„(0;nei+e„) = 7gJ(0; nei)+7gj(0; e„), n > 3. 

Proof. Let ti, . . . , t„ G D. Consider ^^^^^ as a function / of 
Then / G C(G„,D), ordo/ = 2, and the Waring formula (see e.g. 
|117] )) imphes that the coefficient of ziZn equals (—1)""^^^. So 



7g(0;Xiei + X„e„) > 

where X = XiCi + X„e„. As 7g„(0; 62) = 2/n for an even number n, 
we get the proposition for such an n. 

On the other hand, Proposition l2.7.1l implies that if 2C„ := 7g„(0; 62), 
then there exists a c„ such that P{z) = 2C„Z2 ~ c^^;^ is an extremal 
function for 7g„(0; 62). For an odd n = 2k — 1 we replace ti, . . . ,tn by 
t'l, . . . ,t'^. Thus we get the function 

(n \ 2 n 

Consider this function as a function (7 of o"(t). Then (7 G 0(G„,D), 
ordo^f = 2, and the coefficient of ziZn equals — (n + 1)C„. Consequently 

I ri A- 1 

y^7G„(0;e2)|XiX„|. □ 

Appendix C. 

Program niki 

implicit real*8 (a-h,o-z) 
implicit integer*4 (i-n) 
complex*16 g0,gl,g2 

data cl,c2,c3 /0.675D0, -0.291D0, . 033D0/ 
data e , o , t Id , t2d , t lu , t2u/l . ODO , 3*0 . ODO , 2*6 . 2832D0/ 
write (*, 102) 
200 continue 

read(*,*,ERR=201,END=201) s 

Nl=(tlu-tld)/s 

N2=(t2u-t2d)/s 

gu=-lD30 

do il=0,Nl 

tl=tld+FLOAT(il)*s 

do 12=0, N2 

t2=t2d+FL0AT(i2)*s 



n + 1 



n 



,Me2)\X^X„ 



7g(0;X)> 
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gO=DCMPLX (DCOS (t 1 ) +DCOS (t2) , DSIN (t 1 ) +DSIN (t2) ) 
gl=gO+DCMPLX(e,o) 

g2=gO+DCMPLX (DCDS (t l+t2) , DSIN (t l+t2) ) 
g = CDABS(cl*g2**2+c2*g2*gl**2+c3*gl**4) 
if (g.GT.gu) then 

tlg=tl 
t2g=t2 
endif 
enddo 
enddo 

write(*,100) s,gu,tlg,t2g 
goto 200 
201 continue 

write(*, 101) 
stop 

100 format(lx,2f20. 15,2f 15. 10) 

101 format (8x,' step ',15x,' g-max' ,9x, 'tita-1' ,9x, 'tita-2') 

102 format (8x,' step ' ) 
end 



Results 



step 


g- 


-max 


tita-1 


tita-2 


0, 


,001000000000000 


0, 


.998999998608272 


3. 


. 1420000000 


3. 


1420000000 


0, 


.000400000000000 


0, 


.998999999688699 


3. 


. 1414000000 


3. 


1414000000 


0, 


.000100000000000 


0, 


.998999999999547 


3. 


.1416000000 


3. 


1416000000 


0, 


.000040000000000 


0, 


.998999999999547 


3. 


.1416000000 


3. 


1416000000 


0, 


.000010000000000 


0, 


.998999999999941 


3. 


.1415900000 


3. 


1415900000 


0, 


.000004000000000 


0, 


.998999999999985 


3. 


. 1415940000 


3. 


1415940000 


0, 


.000001000000000 


0, 


.998999999999999 


3. 


.1415930000 


3. 


1415930000 


0, 


.000000400000000 


0, 


.999000000000000 


3. 


.1415928000 


3. 


1415928000 


0, 


.000000100000000 


0, 


.999000000000000 


3. 


.1415927000 


3. 


1415927000 


0, 


.000000040000000 


0, 


.999000000000000 


3. 


, 1415925600 


3. 


1415925600 



2.8. Continuity of ) 

As mentioned in tlie Introduction, tlie continuous dependance of 
SNPP on the data (a necessary condition for reduction to an analogous 
problem on G„) is linked with the continuity of the function Iq^. The 
aim of this section is to describe all matrices A G f2„ such that ln„{^, ■) 
is a continuous function. 

First recall that 

lnAAB)>l^MA),criB)). 

Furthermore, if A,B G C„ (i.e. they are cyclic matrices in then 
we have equality (see 12.1.51) ) and so /n„ is a continuous function on the 
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open set C„ x C„. In general, we have equality if and only if Iq^ is a 
continuous function in {A,B). To this aim it suffices to use that Iq^ is 
a continuous function and the set C„ x C„ (where we have equality) is 
dense in Qn x ^n- 

In [115j the authors consider matrices B & Qn such that Iq^{A, .) 
is a continuous function at B for each A ^ Qn- They hypothesize that 
this is true for each B G C„ and confirm this for n < 3 |115l Proposition 
1.4]. Using the results from Section fl^ for the continuity of kq^{A, .), 
the converse proposition is proven for each n (see [1151 Theorem 1.3]). 

We first prove the following 

Proposition 2.8.1. // A G D and A G C„, then the following are 
equivalent: 

(i) the eigenvalues of A are equal; 

(a) Iq^ is a continuous at the point {A, XIn)', 

(Hi) ln„{A, ■) is continuous at the point XIn- 

Proof. The implication (ii)=^(iii) is trivial. For the rest of the proof we 
may assume that A = 0, applying $a (see fl2.1.7p ). 

We will now show that (i)^(ii). Let the eigenvalues of A be equal 
to a. If Aj — i- A and Bj 0, then 

lnM„B,) > c*^Ja{A^),a{B,)) ^ c^„(a(A), 0) = \a\ = hAAO). 

(the last two equalities follow from Proposition 12.6.11 (iii) and I2.1.8P , 
respectively. So the function Iq^ is lower semicontinuous at the point 
(0, B). As it is (always) upper semicontinuous, it is continuous at this 
point. 

It remains to prove that (iii)^(i). As C„ is a dense subset of 
we can find a sequence C„ D (Bj) — )■ 0. By (12.1.81) and (I2.1.5P we get 

r{A) = InAAO) ^ InAABj) = /g„(sp(A), sp(i?,)) -> kA^p{A),0). 

Proposition 12.6.11 (iii) implies that the eigenvalues of A are equal. □ 

Unlike the above proposition, (12.1.80 implies that ln„{A, ■) is a con- 
tinuous function for each scalar matrix A ^ Qn 

As we noted, if A & (^ > 2), then the following are equivalent: 

(i) the function Iq is continuous at [A, B) for each B G 

(ii) ln„{A,.) = l^S{a{A),a{-)). 
Also consider the condition 

(iii) A E C2 has (two) equal eigenvalues. 

By |26l Theorem 8], (iii) implies (ii). Theorem 12.8.21 says that the 
scalar matrices and those satisfying (iii) are the only ones, for which 
ln„{A, ■) is a continuous function. Then Proposition 12.8. 11 implies that 
(iii) follows from (i). So the assertions (i), (ii) and (iii) are equivalent. 
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Theorem 2.8.2. If A & Qn, then Iq^{A,-) is a continuous function if 
and only if A is a scalar matrix or A E C2 has two equal eigenvalues. 

Proof. Applying $a and 

(2.8.1) ^p(X) = P-^XP, P G M-\ X G Mn, 

we can assume that is an eigenvalue of A with a maximal number of 
Jordan blocks and the matrix is in Jordan form. 

It suffices to prove that ln„{A, ■) is not a continuous function, if A 
has a nonzero eigenvalue or A G f2„ is a nonzero nilpotent matrix and 
n > 3. 

In the first case let di > ■ ■ ■ > be the number of Jordan blocks 
that correspond to the different eigenvalues Ai = 0, A2, . . . , \k- We will 
prove that the function ln„{A, ■) is not continuous at 0. It is easily seen 
that A can be expressed as blocks Ai, . . . Ai (of dimensions ni, . . . , n;) 
so that the eigenvalues of Ai are equal to and the remaining blocks 
are cyclic with at least two different eigenvalues {Ai is missing if di = 
d2). By Proposition 12.6.11 (iii), there exists a sequence of matrices 
(Ajj)j — )■ 0, 1 < i < / such that supjj Z^^. (Aj, Ajj) := m < r{A). 
Forming Aj from the blocks . . . , Aij, it follows that /n„(^, Aj) < 
maxi/n„7(A, Aj) < m < /q„(A,0), meaning that /n„(^, ■) is not a 
continuous function at 0. 

Let now A 7^ be a nilpotent matrix. Then A = {aij)i<ij<n, where 
Qij = for j ^ i + 1. Let r = rank(A) > 1. Following the proof of 
|115[ Proposition 4.1], let 

Fo = {1} U {j G {2, . . . , n} : a,_i,,- = 0} := {1 = 61 < 62 < ■ ■ ■ < ^n-r}, 

and bn-^r+i = n + 1. Put rf^ = 1 + # (Fq n {(n - i + 2), . . . , n}). As 
A 7^ is a nilpotent matrix, it has a Jordan form such that a„_i^„ = 1 
and I = di = d2 < d^ < ■ ■ ■ < dn = #-Fo = n — r, dj^i < dj + 1. 

In [1151 Proposition 4.1, Corollary 4.3] there is a necessary and 
sufficient condition for lifting of discs from 0(D,G„) to ones from 
0(D, passing through a cyclic and nilpotent matrix. They eas- 
ily imply that for each C G C„, 

InAAC) = /iG„(0,or(C)) := inf{|a| : 3^ G n{B,Gn) : ^(a) = cx{C)}, 
where 

n{B, G„) = G 0(D, G„) : ordo^Aj > dj, l<j< n}. 

Note that dj < j — 1 for j > 2. Let m = minj>2 and choose k 
such that = m. If m = 1, then dj = j — 1 for each j >2 and so in 
this case for n > 3 one can take k = 3. 
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Let A be a sufficiently small positive number, b = kX^~^ and c = 
{k — 1)A^. Then A is a double zero of the polynomial A{z) = z'^~^{z^ — 
hz + c) of zeroes in D. Let 5 be a diagonal matrix with a characteristic 
polynomial Pb{.z) = A{z). 

Suppose that the function ln„i^, ■) is continuous at B. Then 

Lemma 2.8.3. Ifl^^{A^B) = a, then there exists ip G l-iip^Qn) so 
that ip{a) = <y{B) and 

n 

5^^;.(a)(-Ar^=0. 

i=i 

Proof. Similarly to the proof of |115[ Proposition 4.1], let G 0(D, 
and a G p so that y?(0) = A and = B. By fTW. Corollary 4.3] 
we have ip = a o ip e TiiB), G„). 

Now let us examine cr„(v9(C)) — crn{B) = o"„(v5(C)) near ( = a. We 
can assume that the ffist two diagonal elements of B are equal to A. 
If v^a(C) = y^iO ~ '^^n, then the ffist two columns of v^a(«) are zero. 
Consequently an o (fx = det ip\ has a zero of order at least 2 at a. On 
the other hand, G„ is a taut domain, which easily provides the required 
^. □ 

Lemma 2.8.4. We have a"* < A. Furthermore, if m = 1 and n > 3, 

then o?!'^ < \. In particular, always a <ti \. 

Proof. Note that there exists £ > so that for A < e the mapping ( — )■ 
(0, . . . , 0, kieCY", {k-l)X{eCY'', 0, . . . , 0) is a competitor for hQ„{A, B). 
Consequently {eaY'' < i.e. < A. 

If m = 1 and n > = 3, by considering the mapping — i- 
(0, 3Ai/2^C, 2K)^ . . . , 0) we get {eaf < A^. □ 

To finish the proof of the theorem, put ipj{C} = C^^^lOi the condi- 
tion in Lemma 12.8.31 becomes 

f— A")" 

(2.8.2) '- + s = 0, 

a 

where a = (A; -1)4-^4-1 and S = Ei=i 

a 7^ 0. Indeed, if m < 1, then dk = 4-1 and consequently a = —4, 
while if m = 1, then a = {k — l){k — 1) — k{k — 2) = 1. As G„ is a 
bounded domain, the Cauchy inequalities imply |6'^(a)| < 1. 
By 12.8.41 and by the choice of k it follows that for each j, 

^dj < y^{k~l)dj/dk < < 

So 5 < A"^^. Once again by Lemma l2.8.4[ a ^ A, contradicting fl2.8.2p . 

□ 
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2.9. Zeroes of kq^ 

Recall that the spectral Caratheodory-Fejer problem of order 1 
(SCFP) is reduced to the calculation of the Kobayashi metric hq^ of 
Qn- Furthermore, if A G €„, (i.e. A is a cyclic matrix), then (see f l2.1.6p ) 

In particular, Kn^{A; B) = ^'a{B) = 0. 

On the other hand, by Proposition 12.2.11 cr'^iB) = exactly when 
there exists F G so that B = [Y,A]. Consequently, if A G C„ 
and cr^(-B) = 0, considering ( — )■ e^^Ae"''^, we find even an entire 
curve y9 : C — i- fi„, so that <f{0) = A and f'{0) = B. In general, if 
kq^{A] B) = (we do not assume A G then SCFP for an arbitrary 
disc instead of the unit one has a solution. Therefore it is important to 
know the zeroes of k^^ . This also bears information for the discontinuity 
of this function (hence also of SCFP). 

Recall that for the Caratheodory metric of Qn, things are much 
simpler (see Proposition I2.1.3"|) : 

^nM;B)=^^^iaiAy,a'^iB)) 

and so 7n„(A; B) = ^ a'^{B) = 0. 

To formulate the results in this section we need to introduce some 
notions. 

For A G Qn denote by Ca the tangent cone (see |20[ p. 79] for this 
notion) to the isospectral (analytic) set 

LA = {CeQn: sp(C) = sp(A)}, 

i.e. 

Ca = {B e Mn ■■ ^0 < Cj 0, Cj G La so that Cj{Cj - A) ^ B}. 

Note that La is smooth at if -D G C„. Then Ca = kercr^ and as 
dimkero"^ = — n (see Proposition 12.2. Ij) . Ca is an analytic set and 
dimCA = dim La = - n by [20l Corollary, p. 83]. If A ^ C„, then 
dimkercr^ > — n (see Proposition 12.2. ip and so Ca £ kera^. Thus 

Ca = 'keia'A^ Ae C„. 

The next theorem characterizes Ca as the set of the "generalized" 
tangent vectors at A to an entire curve in f2„ passing through A (in 
particular, this curve is contained in La)- 

Theorem 2.9.1. Let A & Vt^ and B G M.n- Then there exists m G 
n (m < n\) and ^ e 0(C,(]„) so that (/?(0) = A, (/?'(0) = •■■ = 
(^('»-i)(0) = 0, (0) = B only if B e Ca- 
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We are not including the proof of this theorem, due to its length 
and the use of results about analytic sets that are beyond the scope of 
the dissertation. In can be found in the paper |100j of the author and 
P. J. Thomas. 

Theorem 12.9.11 shows that Ca is contained in the set of zeroes of 
the singular Kobayashi metric ^^^(A; ■). Recall that (see [123] ) 

K^JA; B) = mf{\a\ : 3m G N, <^ gO(D, : 

ordo(</? -z)>m, a'^^'^^O) = m\X}. 

Now we define another cone C A^„, A G 

For a function g, holomorphic near A, and for X in a neighborhood 
of A, put g{X) —g{A) = g\{X — A) + - ■ ■ , where g\ is the homogeneous 
polynomial of lowest nonzero degree in the expansion of g near A. Put 

C'^ = {Be Mn : fXiB) = for each / G 0(^^„,D)}. 

Note that 

CaCC'aC kercr^; 

the first inclusion is proven e.g. in |20l p. 86]), and the second one 
follows from the facts that each / G 0(fi„,D) is constant on La (by 
the Liouville theorem) and that 

ker 0"^ = {{<7j)*A = for all j such that deg(crj)^ = 1}. 

Also, each of these three sets 5* is invariant under automorphisms 

of fin- 

The cone C'a coincides with Ca for n = 2 and n = 3 (for the last 
fact see Proposition 12.9.61 below and the remarks preceding it). We do 
not know whether this is true for each n. 

In the most trivial case of a non-cyclic matrix, namely a scalar one, 
C'a = Ca is the set of zero-spectrum matrices, while ker cr^ is the set 
of zero-trace matrices. 

Note that k^,^ > 7^^, where 7^^ = sup^g^TJC^ is the singular 
Caratheodory metric of fi„ (see Section fI77\ for the definition of 7*^™^). 

Theorem 12.9.11 implies that 

BeCa^ f^hM;B) = ^ YnMB) = ^ B E C'a 
(the last equivalence is trivial). In particular, 

KnM;B)=O^BEC'A. 
Proposition 2.9.2. // A G fi„ \ then C'^ ^ ker a^. 
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Proof. As A G Qn \ Cn, at least two of the eigenvalues of A are equal, 
for example to A. Applying $a (see f l2.1.7p ) and "ifp (see f l2.8.ip ) we 
can assume that A = and that A is in a Jordan form. In particular, 



A 



Ao 
Ai 



where Aq e Mm, 2 < m < n, sp{Ao) = {0}, Ai G Mn-m, ^ sp(Ai). 

Later, there exists a set J C {2, . . . , m}, possibly empty, such that 
Q,j_i j = 1 for j G t/, and all other elements Ojj are equal to for 
^ ^ h j "tTT-- Put < r = 7^ J = rank^o < m — 2. Let 

where -Bq = ipij)i<i,j<m so that = —1 for j G {2, ...,m} \ J, 

5^1 = 1, and hij = otherwise. 

As o'm/{^ £ 0(^n,ll)), it suffices to prove the following 

Lemma 2.9.3. ((t„)^(5) = 1, but a'^{B) = 0. 

Proof. First let us calculate crj{Ao + hBo), 1 < j < m, h E C By 
developing along the first column, we get 

det(t/ - {Ao + hBo)) = + {-l)"'-'h"'-'-. 

Comparing the coefficients on both sides leads to 



(2.9.1) a,{Ao + hBo) = !^ 



0, 1 < j < m - 1 

h"^~^, j = m 



Now we need a general formula for aj. For a given matrix M = 
{^ij)i<i,j<n and a set E C {1, . . . ,n} denote by ^^(M) the determi- 
nant of the matrix {mij)ij^E & ■M#e- For convenience put S^i^M) = 
ao{M) := 1. Then 

(2.9.2) cT,(M)= ^^(^)- 

EG{l,...,n},#E=j 

The block structure of our matrices implies that 

6e{A + hB) = SEn{l,...,m}i^O + hBo)SEn{m+l,...,n}{Al). 
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So 



a,{A+hB)= Yl SE'{Ao + hBo) 

max(0,j— ?i+m)<fc<min(m,jr) \E'G{l,...,m},#E'=k 
\E"c{m+l,...,n},#E"=j-k 

Y akiAo + hBo)aj.kiAi). 

max(0 J— n+m)<A;<min(m,j) 

By fl2XTD we get aj{A + hB) = 81 + 82, where 

^ \ 0, otherwise ' ^ [0, otherwise 

In particular, 

j<n-m 



a, (A) 
Then 



0, otherwise 



a(A + hB)-a(A) = I '(^j-UA), 3>m 
-'^ ' ; I otherwise 

As m - r > 2, we get a'j^{B) = 0, but {a^)\{B) = 1. □ 
The main corollary from Proposition 12.9.21 and the implication pre- 
ceding it form the fact that that SCFP does not depend continuously 
on the data (so it cannot be reduced to a similar problem on the sym- 
metrized polydisc). 

Corollary 2.9.4. //A G f2„ \ C„ and B G ker \ C^, then 
KnM;B)>0 = ^ lim ^KnAA';B). 

When A is scalar matrix, we know more (cf. Proposition 12.8.11) : 

Proposition 2.9.5. For B G and t G D the following are equiva- 
lent: 

(i) the eigenvalues of B ar equal; 

(a) the function kq^^ is continuous at the point {tin, B); 

(Hi) the function nuni'] B) is continuous at the point tin- 
Proof. The implication (ii)^(iii) is trivial. For the rest of the proof we 
can assume that t = (applying ^t). 

We will now prove that (i)^(ii). Let the eigenvalues of B be equal 
to 0. If Aj and Bj B, then 

f^nMr,B,) > KGMiAjy,(r'iB,)) ^ kg„(0; a^,(5)) = 



X 
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/tG„(0; (tri?)ei) = \b\ = Kn„{0; B) 

(the last two equalities follow from Theorem 12.6.31 (i) and f l2.1.10p . 
respectively). 

Thus the function kq,^ is lower semicontinuous at the point (0; B). 
As it is (always) upper semicontinuous, it is continuous at this point. 

It remains to prove that (iii)^(i). As Cn is a dense subset of we 
can find a sequence C„ D {Aj) — 0. Then (I2.1.10p . (I2.1.9P and Theorem 
[2:6:31 (i) imply that 

t{B) = >,^MB) ^ f^nMfB) = 
^^GM^^y^^A.^B,)) -> /tG„(0;a;(5)) = |trS|/n. 
So r{B) = \tT B\/n, i.e. the eigenvalues of B are equal. □ 
Now let us formulate the following hypothesis for the zeroes of kq^ . 

Hypothesis. k,q^{A] S) = if and only if there exists a G 0{C, f2„) 
so that (p{0) = A and f'{0) = B. In particular, if kq^{A; B) = 0, then 
BeCa. 

Note that there are matrices B E Ca such that kq_^{A] B) (see 
Proposition 12.9.61 (ii) and Corollary 12.9. 7p . 

In some cases the above hypothesis can be checked. 

The remarks at the beginning of this section imply that this hy- 
pothesis is true for cyclic matrices. 

Also, as the zeroes of Kn„{0; •) are exactly the zero-spectrum ma- 
trices and this set of matrices is a union of complex lines through the 
origin, the hypothesis is true for scalar matrices. 

As the non-cyclic matrices A in ^2 are only the scalar ones, we can 
choose m = 1 in Theorem 12.9.11 for n = 2; then Ca coincides with the 
zeroes of nn2{^] ■)' well as with the set of matrices B = ip'{0) for 
some entire curve cp in (On the other hand, kera^ = {B E A4.2 '■ 
tri? = 0}.) So we have a complete description of the set of zeroes of 
and the above hypothesis is true for n = 2. 

Now let us consider the set of zeroes of kq^.^{A] ■), when A is a non- 
cyclic and non-scalar matrix (we will confirm the hypothesis for n = 3, 
too). The use of the automorphisms $a and of ^3 reduces the 
problem to the following two cases: 

/000\ /000\ 
A = At:=\ ,teD„ A = A = \ 1 . 

\ooty \oooy 

It is easily seen that 

Ca^^C;,^ ■.= {BEM,:aX{B)} = 
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{B eMs: &33 = hi + 622 = &?i + bi2b2i = 0}, 
C C'i {Be Ms: a*^{B)} = 

{B e Ms-- bn + &22 + bss = 632 = 612&31 = 0} 

(for example, to check the second equahty, we observe that if B^ — 
A + eB + o{e), then tr B^ — etr B + o{e), a2{Be) = —5:632 + o{e) and 
detSe = £^(6i2&3i — &11&32) + o{e^)). As the tangent cones are closed, 
the next proposition shows in particular that Ca^ — C'j^^ — C'J^^ and 

Proposition 2.9.6. (i) If B e C^^ (t ^ 0/. then there exists a (p E 

0{C, Q3) such that f{0) = At and ^'{0} = B. 

(a) Let B G C'^. Then there exists a E 0{C, Qn) so that p{0) = A 
and (p'{0) = B only if bn = and 612 7^ 631. Otherwise nn^^A; B) = 1. 

As K,Q,^{A; B) > for i? ^ C'^, this proposition and the remarks 
preceding it give a complete description of the set of zeroes of kq^, 
thereby confirming the hypothesis for n = 3. 

Proof, (i) Let first B e C'^^. We express B in the form B = X + [Y, A^], 
where X is such that ■0(C) — -^t + £ LAt for each ( e C. Then 
</?(C) = e'»^'0(C)e~''^ has the required properties. 

It is easily calculated that ipi^C) C exactly when sp(X) — and 
xu + 2:22 = xfi + a;i2a;2i = 0. On the other hand. 



[Y,At 

So we can choose 

X = 








( 





^13 


Y = t-'i 








&23 




^ -631 


-632 






(ii) Let first B e C^. If bn = or 612 7^ &31, it suffices to find (as 
above) X and Y so that B = X + \Y^ A\ and A + CX G for each 
C G C. The last condition means that the eigenvalues of X are zeroes 
and 0:32 = 3^123:31 = 0. On the other hand, 



[F, A] = I -1/31 -1/33 
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Let us suppose that 631 = (when bu = the calculations are 
analogical). We have to choose X of the form 

(hi bi2 - yi2 

&2I + 2/31 &22 + 2/32 &23 - 2/22 + 2/33 
-fell - 622 - 2/32 

SO that detX = and a2{X) = 0, i.e. DT = and D = T^, where 



bn bi2 

&21 + 2/31 ^22 + 2/32 



These two conditions are true only if 



T = 6ii + 622 + 2/32- 



, -^21, bn = 

2/32 = -bn - 622, 2/31 = <( , 6?i / n ■ 

-O21 - O12 T u 

It remains to show that if 611 7^ and 612 = &31 = 0, then ^^3(^4; B) = 
1. We can assume that bn = 1- Put B = diag(l, e^'^*/^, e^'^*/^. As 
above, we can choose B and Y so that B = B + [Y,At]. Let a > 
and G C(aD,fi3) be such that v?(0) = At and y?'(q) = B. Putting 
(^(0 = e-^^(^(C)e^^, we have ^ G C(aD, ^3), ^(0) = A and ^'(0) = B. 
So kq3(A; B) > K,Q.^{A] B). The converse inequality follows similarly. It 
remains to apply Proposition 12.10.21 from the next section. 

Corollary 2.9.7. For each n > 3 there exist A ^ Qn (ind B G Ca so 
that Kn„iA;B) > 0. 

Proof. Put 

A = 




As in the proof of Proposition 12.9.61 (ii) it follows that 

• nn„{A]Bo) > 0; 

• for £ 7^ there exists (p^ G 0{C,Qn) such that v^e(O) = A and 
^^(0) = 5,. 

Then B, e Ca, £ 7^ 0, so Bo G Ca- □ 

2.10. The Kobayashi metric vs. the Lempert function 

As an application of part of the above considerations, in this sec- 
tion we will provide an example showing that, in general, the Kobayashi 
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pseudometric of a pseudoconvex domain is not equal to the weak "de- 
rivative" of the Lempert function. The pseudoconvex domain will be 
the spectral ball ^3 C (that is also a balanced non-taut unbounded 
domain) . 

Recall that the Kobayashi metric of a taut domain D C C" coin- 
cides with the " derivative" of the Lempert function (see Section ll.ip : 

Kr,(z:X)= lim . 

t^O,z'^z,X'^X \t\ 

On the other hand, Proposition 11.1.31 states that 

Id{z',z' + tX') 



(2.10.1) KDiz;X) >VlDiz;X) := limsup 

t^O,z'^z,X'^X |t| 

for an arbitrary domain D C C". 

The aim of this section is to show that the inequality 

(2.10.2) kd{z; X) > Vln{z; X) := lim sup ^D{z,z + tX) ^ 

t^Q \t\ 

is strict in the general case (of a pseudoconvex domain). 
Put 

'10 




A = \ 1 \ and Bt = \ u 

^0 3t 

where u = e^'^*/^. Let B = Bq. 

Proposition 2.10.1. The following inequality holds: 
KnM;B)>0 = VlnM;B). 

Moreover, iftj — )■ andCj — )■ B (Cj = (cli)) so that lim infj^oo |c^2/^i' 
3| > 0, then 

Remark. As and Id have the product property (see Section [TTB]1 . 
in general the inequality f l2.10.2p is strict for pseudoconvex domains in 
C" for n >9 (for example for ^3 x D'^). In fact the proof below shows 
that Vl^^{A; B) = 0, where ^3 is the set of zero-trace matrices in Q3. 
Consequently the inequality in f l2.10.2p is strict for the pseudoconvex 
domain ^3 C C^. 

Question. It would be interesting to find an example of a lower di- 
mension, as well as to see whether in general the inequality fl2.10.ip is 
strict (the last question was posed at the end of Section [TT!) . 
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Recall that there exist matrices B ^ B so that K,n,^{A] B) = 
(see Proposition 12.9.61 (ii)); in particular, the function Kn^{A; ■) is not 
continuous at B. 

Also note that the condition liminfj^oo |c3 2/^j — 3| > in Propo- 
sition [2]T0lT] is essential, as seen by the following 

Proposition 2.10.2. B) = linij^o '"3(^-^+*-B0 ^ ^_ 

In particular, 

1 = K^,^ iA;B) = Kn, {A; B) = Vl^^^ {A; B) = Vln, ( A; 5) . 

For the proof of Proposition 12. 1 .Tl we will use the following special 
case of [1151 Proposition 4.1, Corollary 4.3] (see also |93j for more 
general facts). 

Lemma 2.10.3. Let M ^ is a cyclic matrix and (f G 0(D, G3) is 
such a mapping that ip{0) = and (p{a) = a{M) (a ^3). Then there 
exists e ip & 0(D, ^3) such that ipi^) = ^? = M and if = a o ip 

exaclty when ip'^{0) = 0. 
In particular, 

InM, M) = inf{|«| : 3ip G 0(D, G3) : ¥^(0) = 0, </.(«) = a(M), ¥.'3(0) = 0} 

and (as G3 is a taut domain) there exists an extremal disc for Iq,^{A, M). 

Proof. If such a ip exists, then one directly calculates (^3(0) = {cr^ o 
^)'(O) = 0. 

Conversely, let v^3(0) = 0. Put 

/ c \ 

^(C) := 1 , c e D. 

V ^3(C)/C -^2(0 viiO J 

Then ip{0) = A and ip = a o ip. Furthermore, 63 = (0, 0, 1) is a cyclic 
vector for ip{C) when ^ 7^ 0. So il){a) is a cyclic matrix with the same 
spectrum as the cyclic matrix M and consequently they are similar 
(to their adjoint matrix) by Proposition 12.2.11 Then we can express 
M in the form M = e^ip{a.)e~'^ for some S G M.^. It remains to put 
^(0 = e^^''^^{C)e-^^/'^. □ 

Proof of Proposition \2.10.1[ By Proposition 12.10.21 we only need to 
check that 

ln,{AA + t^C,) ^ ^ 



"J I 



in the conditions for C3 2- 
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Suppose the contrary. Then we may assume that 

Step 1. Suppose that there exists a subsequence (for brevity we still 
use the index j) such that all matrices A + tjCj are cyclic and belong 
to f^s. By some calculations we get 

a{A + tfi,) = {t,h{C,),t,h{C,),t]h{C,)) =: (a,,6,-,c,), 

where h{C,) ^ 0, ^(C,) and h{C,) -> 0. 
Put 

= (Ca,/r„ Ch/rj, Ccj/r]), C e D, 

where Vj = max{3|aj|, 3|6j|, v^'sjcjf}. Then ipj G 0(D, G3), with V5j(0) = 
0, v'j-3(0) = and ^Pj{rj) = a{A + tjCj). Lemma [2.10.31 implies that 

lnM,^ + tjCj)/\tj\<r,/\tj\^0, 

a contradiction. 

Step 2. Suppose that all matrices A + tjCj are non-cyclic. Then 
their minimal polynomials have degrees less than 3 (see Proposition 
I2.2.ip . Consequently these degrees are equal to 2 for all sufficiently 
large j. Hence 

{A + tjCjf + Xj{A + tjCj) + Vjh = 0, 

where Xj,yj e C. We get 9 equations (for the components); denote 
them by El ^, where k and i are the indices of the row and the column, 
respectively. The equation gives Xj/tj — )■ 1. Using this in El-^, we 

get Vj/tj — J- —2. Finally, £'2,2 implies (^^^2/^3 — >2 — w — a;^ = 3- a 
contradiction. 

This completes the proof. □ 
Proof of Proposition \2.10.2[ As A + (B G for each ^ G D, we get 

It remains to show that 

t^o \t\ 

Note that A + tBt is similar to the matrix Dt = diag(t, t — 2t) 
and consequently In^iA, A + tBf) = In^iA, Dt) (we already applied this 
argument several times). 

Suppose that tj — )■ so that ^^3(^4, Dt.)/\tj\ — )■ c < 1. 
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Let ipj ^ 0(D, ^3) be a disc such that 'ipjiO) = A, ip{aj) = Dt- and 
I'^il/I^il ^ Put ipj = a o ipj. Direct calculations lead to (p'j^^iO) = 
and 

Expressing ipj in the form 
the last equality becomes 

(2.10.3) t^j = a^j{aj9'^.^{aj) - tjOj-^iaj) + tp'j -^{aj)) 

(we use that Oj^i{aj) = 0, 9j^2{c(j) = —Stj/aj and Oj^^^aj) = —2t^/a^). 
As G3 is a taut domain, by passing to subsequences we can assume 
that ^ = (CPi,CV2,C^P3) e 0(D,G3) and pi(0) = 0. Then the 

equation (I2.10.3p shows that if = 1/c, then 

P3(0) = A;=^ + A;p2(0). 

Proposition 12.4.11 (see also |37[ Proposition 16]) implies that 

^Gaiz) = max{|A| : - ZiX^ + Z2X - ^3 = 0} 

is a (logarithmically) plurisubharmonic function and G3 = {2 G C'^ : 
h^siz) < 1} (/iGs is the function of Minkowski of the (1, 2, 3)-balanced 
domain G3). As 

|C|/lG3(Pl(C),P2(C),P3(C)) = h^^iifiO) < 1, C G D, 

the maximum principle for plurisubharmonic functions implies hG^{pi, P2, P3) < 
1 on D. In particular, /;,(G3(pi(0), ^2(0), P3(0)) < 1. Consequently all 
the three zeroes of the polynomial P(A) = A^— pi(0)A^ + p2(0)A — p3(0), 
lie in D. On the other hand, P(A) = (A - k){X^ + kX + k'^ + P2(0)), 
with A; > 1 - a contradiction. □ 
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Estimates and boundary behavior of invariant 
metrics on C-convex domains 

3.1. Estimates for the Caratheodory and Kobayashi metrics 

The aim of this section is obtaining estimates for the Kobayashi 
and Caratheodory metrics on C-convex domains in terms of the dis- 
tance to the boundary of the corresponding direction. These results 
generalize similar statements for bounded smooth C-convex domains 
of finite type, whose original proofs are quite hard (see |71]). 

For a point z from a domain D G C"' and a vector X G (C")*, we 
denote by dr){z;X) the distance from z to dD in the direction of X, 
i.e. 

dD{z;X) = sup{r > : Ax{z,r) C D}, 

where 
Clearly 



Ax{z, r) = + AX : |A| < r}. 



distiz, dD) =: dn(z) = inf dn(z:X). 

\\x\\=i 

If dD{z; X) = oo, i.e. D contains the line through z in the direction of 
direction X, then 

^d{z;X) = tiD{z;X) = 0. 
First recall the following result for convex domains. 

Proposition 3.1.1. [8] Let D G be a convex domain. Ifd£,{z; X) < 
oo, then 

1/2 < jD{z-X)dD{z;X) = KD{z;X)dD{z;X) < 1. 

Proof. The upper estimate holds for each domain D, as B)x{z, dniz, X)) G 
D. For the lower estimate consider an (open) supporting half-space 11 
of D for a boundary point of the type z + XX. Then 

7Diz; X) > 7n(2; X) = — — — = — — — . 

dTi[z;X) dD[z;X) 

It remains to note that the equality in the proposition follows from the 
Lempert theorem (see e.g. |69L I70j ). □ 
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The constants 1/2 and 1 cannot be improved, as seen from the 
examples of a half-space and a ball. 

Now we will establish a similar result for C-convex domains. 

Proposition 3.1.2. Let D G C"' be a C-convex domain. If d£,{z; X) < 
oo, then 

1/4 < Mz;X)dD{z;X) < KD{z;X)dD{z;X) < 1. 

The constant 1/4 is the best possible in the plane, as seen in the 
example with the image D = C\[l/4, oo) of D for the Kobe transfor- 
mation z — )■ z/(l + z)"^. 

Corollary 3.1.3. For each C-convex domain D C C", we have kd < 
47d- 

This is another argument supporting the hypothesis that t^o = Id 
for each C-convex domain D C C" (a weaker variant of |125l Problem 
4']; see the Introduction). 

Proof of Proposition \3.1.^ We can assume that \\X\\ = 1. Let / be 
the complex line through z with direction X and a G / fl dD so that 
||z — a|| = d£){z]X). Consider a complex hyperplane H through a 
not intersecting D and denote by G the projection of D onto / in the 
direction of H. Note that G is a simply connected domain (see e.g. 
[3 Theorem 2.3.6] or [501 Theorem 2.3.6]), a e dG and doiz^X) = 
ll^; — a|| = dciz) := dist{z,dG). It remains to apply the Kobe 1/4 
theorem to get 

lDiz;X)>^Giz;l)>-r^. 

Adciz) 

Indeed, if / : D — )■ G is a conformal mapping such that /(O) = z, by 
the Kobe theorem G contains the disc of center z and radius |/'(0)|/4. 
So |/'(0)| < Adciz) and then 

1 = 7d(0; 1) = 7g(/(0); /'(O)) = |/'(0)|7g(^; 1) < ^dGizhdz; 1) 
and the result follows. □ 

Recall that if a C-convex domain in C^ contains a complex line, 
then it is linearly equivalent to the Cartesian product of C and a C- 
convex domain in C""^ (see Section [23]). 

In view of this it is natural to ask about the boundary behavior 
of the metrics in the directions, where there are (linear) discs in the 
boundary in these directions. 

More precisely, for a boundary point a of a domain D C C" we 
denote by La the set of all vectors X G C" such that there exists a 
£ > so that dD D Ax{a,e). The following result is an application of 
Proposition 13.1.21 
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Proposition 3.1.4. Let a he a boundary point of a C-convex domain 
D C C". 

(i) Then 

lim Jd{z; X) = oo 

z—>a 

locally uniformly on X ^ La- 

(a) If dD is -smooth at a, then La is a linear space. In addition, 
for each non-tangent cone A with vertex a\we have 

limsup kd{z; X) < oo 

locally uniformly on X E La- 

The proof of this proposition, as well as of a part of the next ones, 
will be based on the following geometrical property of the weakly lin- 
early convex domains (see also |126] ). 

Lemma 3.1.5. Suppose that the weakly linearly convex domain G C C" 
contains the n unit discs lying in the coordinate lines. Then G contains 
the convex hull of these discs E = {z G C"' : X]j=i < ^l- 

Proof. For each e G (0, 1) there exists a 5 > so that 



X, 



e 



n 

[j(6Bx ■■■x6'Dx ^ xSB x ■■■ x cG. 



^-^ j-th. place 

Note that C G, where X^ is the least linearly convex set that 
contains X^. In addition, 

Xe = {ze C"|V6 G C" :< z,b>=13ae X, :< a, b >= 1}. 

(see e.g. |5l p. 7] or |50[ Proposition 4.6.2]. Then X^ is a balanced 
domain and as it is linearly convex, it is convex (see Proposition 12.5. Ill . 
Consequently 

n 

E, = {z e : Yl l^il < C X, C G 
i=i 

and for e — )■ 1 we get the desired proposition. □ 

Remark. The same arguments show that G contains the convex hull of 
each of its balanced sub-domains. In particular, the maximal balanced 
sub-domain of G is convex (see also |126] ). 

Proof of Proposition \3.1.4\ (i) Assuming the contrary, we can find 
r > and sequences D D (zj) — )■ a, C" D (Xj) X ^ La such 



*A = e C" : c||z — a|| < |prQ(z)|}, where c e (0, 1) and pr^ is the projection 
onto the internal normal to dD at a. 
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that Arjoizj] Xj) < 1. By Proposition 13.1.21 doizj-jXj) > r. Then 
Ax {zj, r) C Dr = D nB„(a, 2r) for each sufficiently large j. Note that 
Dr is a (weakly) linearly convex open set. By Proposition 12.5.31 it is 
taut. Therefore Ax{a,T) C dD, a contradiction. 

(ii) As dD is C^-smooth, for each two linearly independent vectors 
X,Y ^ La one can find a neighborhood U of a and a number e > 
so that Ax{z,e) C D and AY{z,e) C D foi z e D n U n A. By 
Lemma [3.1.51 Ax+Y{z,e') C -D for some e' > 0. As in (i) we get 
Ax+y(a, £') C dD. Consequently La is linear space. Then, choosing a 
basis for La and applying Lemma 13.1.51 we find a neighborhood U of 
a and a number c > so that Ax{z, c) C D for each z E D n U H A 
and each unit vector X E La- Now the required estimate follows from 
Proposition 13.1.21 

Remark. The condition for smoothness is redundant, if D is a convex 
domain. Indeed, in this case it is clear that La is a linear space. Also, 
if A C dD^ then for each point b E D and each number t G (0, 1] we 
have t6 + (1 — t) A C D. So we can replace A by an arbitrary cone with 
vertex a having as a base an arbitrary compact set of D. 

3.2. Types of boundary points 

The aim of this section is finding estimates for the behavior of in- 
variant metrics of C-convex domains near a boundary point depending 
on the multitype of this point. 

Let a be a (C°°-) smooth boundary point of a domain D C C". 
Denote by rua the (D'Angelo) type of a, i.e. the maximal order of 
tangency of dD at a with (nontrivial) analytic discs through a (see e.g. 
the Ph. D. thesis |79] of the author, we will refer to it several times in 
this chapter): 

orda(r o 7) 

rria = sup , 

7 orda 7 

where 7 varies over all analytic discs through a, while r is a smooth 
defining function of D near a (this definition depends on r). By requir- 
ing 7°'-d-^(a) = X, for a given vector X G (C")=k, we define the number 
ma,x- 

The point a is said to be of finite type, if < 00. A bounded 
domain D is said to be of finite type if all its boundary points are of 
finite type. 

Replacing the analytic discs by complex lines, we define the linear 
type la of a. We can also define the number la^x as the order of tangency 
of dD at a to the line through a in the direction of X. 

Then la^x < ^a,x and la < ma- Note that if la,x < 00, then X ^ La- 



91 



Proposition 3.2.1. Let a be a smooth boundary point of a C-convex 
domain D C C" and let X G (C"),,, so that la^x < oo. Denote by Ua the 
internal normal to dD at a. Then there exists a neighborhood Ux of a 
and a constant Cx > 1 so that 

Cx^doiz) < doiz; X)'-^ < CxdD{z), z E DnUxnria. 

Proof. We can assume that Re < is the internal normal to dD at 
a = 0. Let r{z) = Re^i + o(|2i|) + pCz) be a smooth defining function 
of D near 0. 

For each sufficiently small 5 > we have 6 = doiSn), where (5„ = 
(-5/ 0). Put LsiC) = -6n + CX,Ce C". 
We consider two cases. 

1- ^a,x = 1- This means that Xi ^ 0. Then r(Z/5(^)) = — 5 + 
Re(CXi) + o(ICI). Consequently ^^(C) G D, if |C| < 2^ and 5 is 
sufficiently small. This proves the left-hand side inequality. 

The right hand-side inequality follows from the inequality r(L5(25/Xi)) > 
0, which holds for each small 5 > 0. 

2. la,x > 2. This means that Xi = 0. Then r{Ls{C)) = -S + p{CX). 
As p(C'^) < c|C|' for some Ci > 0, we get ^^(C) G D, if ci|C|' < S. This 
proves the left-hand side inequality. 

To prove the right hand-side inequality, we need to find a C2 > 
so that for each small 6 > there exists ( such that = ^5 and 
p{('X) > 6. As D is a (weakly) linearly convex domain, it follows that 
p(C'X) = /i(C) + o(|Cr)>0, where 

m = ^ 0- 

j+k=i 

Homogeneity of h implies h > 0. In addition, as /i ^ 0, we can find ( so 
that Id = 1 and h{() > C2 > 0. Now the constant C2 has the required 
properties for all small 6 > 0. □ 

Combining Proposition 13 . 1 . 21 and 13 . 2 ."Tl we directly get the following 
generalization (in an easy way) of the main result in [68] that deals 
with convex domains. 

Corollary 3.2.2. For the notations from Proposition \3.2.1\ we have 
that if z E D n Ux H Ua, then 

{4cxr\dD{z)y'^''^^^ < < ^d{z;X) < cxidoiz))-'/''^'^. 

The main result in [73j (see also [15j) states that rua = la for each 
convex domain. As an application of Corollary 13 . 2 . 21 we will easily show 
something more even for an arbitrary C-convex domain. 
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Proposition 3.2.3. If a is a smooth boundary point of a C-convex 
domain D C C", then rria^x = ia,x for each vector X ^ 0. 
In particular, rUa = la- 

Proof. It suffices to prove that m^ x < /^ x, if la,x < oo. By Corollary 
13.2.21 we have 

limsup K^(z;X)rf^/'"'^ > liminf 7^(2; X)rf^/'"-^ > 

(see Section 12.91 for the definition of and the desired inequality 
follows from [123^ Corollary]. □ 

The following result is important if the boundary is not real-analytic 
near a boundary point of infinite type. 

Proposition 3.2.4. If a is a -smooth boundary point of a 'C-convex 
domain D G C"', then dD does not contain analytic discs through a 
exactly when La = {0} (i.e. dD does not contain linear discs through 
a). 

Proof. We use the notations from the proof of Proposition 13.2.11 It 
suffices to show that if : D — )■ dD is an analytic disc, for which 
ip{0) = 0, then La 7^ {0}. As dD is C^-smooth near a, there exists 
c > so that ipsiC) = -^n + v{C) e D ioi 5 < c and |C| < c. Put 
m = ordov^ and X = "^^ J^j^^ ■ Then 7£)((5„;X) < Kl-,(Sn;X) < 1/c and 
as in the proof of Proposition 13 . 1 . 41 it follows that Ax (a, c/4) C dD. □ 
Remark. In the case of a convex domain the smoothness condition is 
redundant, as seen in the argument of the last remark in the previous 
section. 

Now we will discuss the so-called multitypes of a smooth boundary 
point a of a domain D C C". For each k = 1, . . . ,n put 

^ . orda(ro7) 
m = mt sup , 

L ^ oida 7 

where S varies over all hyperplanes through a with dimension /c, while 
7 varies over all analytic discs in S that pass through a (see e.g. |79] ) . 
By replacing the analytic discs by complex lines we define For k = n 
these numbers coincide with nia and la, respectively. Clearly l^ = m\ = 
1 and l^ < m^. The D'Angelo multitype of a G dD is defined as the 
nondecreasing n-tuple of numbers Ma = {ml^, . . . , m^). The D'Angelo 
linear type La is defined in a similar way. We can also define the 
Catlin multitype Ma = (m^, . . . and the Catlin linear multitype 
La = iJl, . . . , (see e.g. ^^). Note that 

I'a < C <<< < 
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The main result in the voluminous work [121] states that La = 
Ma (and so = Ma) for each convex domain. Using |121j and other 
nontrivial facts, in [23] this equality is proven for C-convex domains. 

As a corollary from Proposition 13.2.3] (that we proved easily), we 
can get the above results and even to strengthen them a bit. 

Proposition 3.2.5. If a a is smooth boundary point of the C-convex 
domain D C C", then La = Ma- 

Proof. We can assume that a = 0. We have to show that Iq > m^, if 
Iq < oo and k > 1. Let /q be attained for some 5* and a line s E S. 
If S is orthogonal to the complex normal A^^o to dD at 0, we consider 
the subspace 5" generated by Nq and a subspace of S of codimension 
1, containing s. Then = -D fl 5" C C'^ is a C-convex domain, which 
is smooth near 0. Let mo,fe and Zo,fc be the type and the linear type of 
the point G dD^, respectively. Then Iq^ = /q, as if a line s' C S' is 
not orthogonal to Nq, then ordo(r o s') = 1 < Iq. It remains to use that 
ttIq < mo,k and mo,fc = lo,k by Proposition 13.2.31 □ 

Let us mention that a pseudoconvex point a of finite type, for which 
Ma = Ma, is called semiregular (see |31] ). Thus each smooth point of 
finite type of a C-convex domain is semiregular. 

3.3. Estimates for the Bergman kernel and the Bergman 

metric 

In this section we will prove some estimates for the Bergman kernel 
and the Bergman metric of a C-convex domain D C C" not contain- 
ing complex lines. The constants in these estimates depend only on 
n. The estimate for the Bergman metric is in the spirit of these for 
the Caratheodory and Kobayashi metrics from Section 13.11 As a corol- 
lary we get that these three metrics are comparable with constants 
depending only on n. 

First recall the definitions for Bergman kernel and Bergman metric 
for a domain D C C". For them and other basic facts see e.g. |56] . 

Denote by Ll{D) The Hilbert space of the square-integrable holo- 
morphic functions f m D. This space has a (unique) reproducing 
kernel Kj:){z,w) - the Bergman kernel. For brevity, its restriction 
Kd{z) = Kd{z, z) to the diagonal is also called Bergman kernel; further 
we will mainly work with Kj:,. It is well-known that Ko is a solution 
to the following extremal problem: 

Kn{z)=snv{\f{z)\':feLl{D), < 1}, 
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where || ■ || is the L^-norm. If Ko{z) > for some z & D, then the 
quadratic form 

j,k j,k=l" 

is positively semidefinite and its square root Bd{z; X) is called Bergman 
metric. It also solves an extremal problem: 

_ Mn{z;X) 
^d{z,X} - -j==, 

where M^(z;X) = sup{|/;(X)| : / G L^D), ||/||^ = 1, /(z) = 0}. 

Recall that the Caratheodory metric does not exceed the Bergman 
metric (if the latter one is defined): 

Id < Bd- 

There are the following transformation rules for the Bergman kernel 
and the Bergman metric: if / : G — )■ D is a biholomorphism between 
domains in C^, then 



KD{f{z)J{w)) Ja.cf{z)j8ic f{w) = Kg{z,w), 
BDifizy,f^iX)) = BGiz;X). 

Note that unlike the Caratheodory and Kobayashi metrics, the Bergman 
metric is not monotone under domain inclusions. Anyway is is the quo- 
tient of two monotone invariants, and K^. 

This will help to attain the main goal of this section, namely to 
show the converse inequality to ■jd < Bd up to a constant depending 
only on n. 

Theorem 3.3.1. There exists a constant c„ > depending only on n, 
so that for each C-convex domain D C C", not containing a complex 
line, \ we have the inequality 

l/^<BD{z-X)dD{z;X)<Cn. 

By Propositions 13.1.11 and I3.1.3[ and by the inequality < B^, 

we get 

Corollary 3.3.2. There exists a constant Cn> 1 depending only on n, 
so that for each C- convex domain D G C"" , not containing a complex 
line, we have 

< Bd < Cn^D- 

If D is a convex domain, then the constant 4 can be replaced by 1. 



*Under this assumption D is biholomorphic to a bounded domain (see Propo- 
sition [23?5|) , so is defined. 
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The first results, similar to Theorem 13.3.11 and to Theorem 13.3.31 
below (for the Bergman kernel -R'd); refer to bounded smooth convex 
domains of finite type |19|, 1 741 175] . Unfortunately the geometric con- 
struction there (see also [73] ) has a flaw, as we will observe in the next 
section. These results are later proven for bounded smooth C-convex 
domains of finite type [12] using a correct geometric construction from 
and the paper |84] of the author and P. Pfiug (see also 
Note that the constants in the corresponding estimates depend 
on the domains. 

Now let us show the most general form of this construction. 
Let D C C" be a domain not containing a complex line. For a 
point z we choose a" G dD so that d\ := ||a^ — = dD{z). Put 
Hi = z + span(a^ — z)-^ and Di = D D Hi. Let G dDi so that 
d2 := ||a^— z|| = dDi{z). Put H2 = z+spa.n{a^—z, a^—z)^, D2 = DnH2 
and so on. Thus we get an orthonormal basis of the vectors ej = \\a3-z\\ ' 
^ ^ j ^ n, which will be called minimal (for D at z) and positive 
numbers di < d2 < ■ ■ ■ < dn (the basis and the numbers are not 
uniquely determined). 
Put 

Pd{z) = di...dn. 
The lower estimate for the Bergman kernel Kd via pd in the next 
theorem is a main point in the proof of Theorem 13.3. ![ but is also of 
independent interest. 

Theorem 3.3.3. Let D G C"' be a C-convex domain not containing a 
complex line. Then 

< KDiz)pliz) < ^ ' 



(167r)" - ' '"^"^^ ' - {2t:Y' 

In addition, the lower estimate is precise for n = 1, while the upper 
estimate is exact for each n (even for convex domains); the inequality 
is strict for n > 2. 

In addition, if D is a convex domain not containing complex lines, 
the lower estimate can be improved by replacing the number 16 by 4- 
In this case the estimate is precise for each n. 

Proof. The upper estimate. We can assume that z = 0. By Lemma 

MM 

n 1 1 

D D G = {2 G C" : < 1}. 

j=i i 

Consequently G U ]B„(0, di) C D and so 



96 



where 

n 

E={zGC":^|Zj-| < 1} 

(here we apphed the transformation rule for the Bergman kernel to the 
dilatation of the coordinates {zi, . . . , Zn) — )■ (-Zi/c/i, . . . , Znldn))- As E is 
a complete Reinhardt domain, -/^^(O) = yo\{E)~^. It is easily calculated 
that this volume equals ^^(27r)", thereby proving the upper estimate. 

It is precise for n = 1, as seen in the example of the unit disc and 
its center. If n > 2, then G does not contain B„(0,(ii) so the second 
inequality above is strict (since the volume of G is less than that of 
GUB„(0,c?i)). 

To finish the discussion about the upper estimate, it remains to 
show that it is precise for n > 2. For m G N put hj = for 1 < j < n. 
Let Bj = B„(0,6j) n H'j_^, where H'j_^ = {0} x C"--'+^ Denote by 
T the convex hull of the union U^^^Bj and the domain G C" : 
'^^=1 < !}• It is not hard to see that bj = dist(0, d(T fl Hj_^)). 

Later if "^{z) = {zi/bi, . . . , Zn/bn), then \I/(T) is the convex hull of 
the union 5* = U^^i'^^Bk) and E. For each k > j we have b^/bj — )■ oo 
if m — 7- oo. Consequently for an arbitrary A > 1 one can find an m 
such that S C XE. As XE is a convex domain, it contains \E'(T). So 

Rrmb, . . . = ir^(r)(0) > K^e{0) = ^^0^ 

and as A > 1, the upper estimate is precise. 

The lower estimate.'^ After a translation and a rotation, we can 
assume that z = 0, Hj = {0} x C""-' (j = 1, ... ,n — 1) and = 
(0, a^', 0) G X C X C"--'' (j = 1, . . . , n) so that dj = \aj\. 

As D is a C-convex domain, there exists a hyperplane + Wj^i 
through that is disjoint from D. By our construction the ball in Hi 
of center and radius a| lies in D and so Wi (1 Hi is orthogonal to 
a^, i.e. WiH Hi C {0} x C"~^. Consequently W^i is defined by the 
equation ai^iZi + Z2 = 0. The same argument shows that the equation 
of Wj for j = 0, . . . , n — 1 is the following one: 

aj^iZi + ■ ■ ■ + ctj.jZj + Zjj^i = 0. 

Let F : C" — 7- C" be the linear mapping of matrix A having as 
vector-rows (0:^,1, . . . , ajj, 1, 0, . . . , 0), j = 0, . . . , n — 1. Then G = F{D) 
is also a C-convex domain [G was another domain in the proof of the 
upper estimate). Note that -^'^(0) = -^'^(0), as detA = 1. Put Gj = 
TTj{G), where TCj is the projection onto the j-th coordinate plane. Then 



*The geometric proof is close to that of Proposition 12 .5 . 5l 
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Gj is a simply connected domain (see e.g. [5]) and G C Gi x • • • x Gn- 
Consequently 

(3.3.1) Ko{Q) > Kg,^...^gM = KgM ■ ■■KgM- 

As Gj 7^ C is a simply connected domain, it is biholomorphic to D and 
^J TiKniGi) = 1 = 7i[i)(0; 1) implies that 

(3.3.2) 

On the other hand, 
(3.3.3) 

by the Kobe 1/4 theorem (this argument was already used in the proof 
of Proposition I3.1.2p . 

Later, F{a^) G dG, and the j-th coordinate of this point is a^-. In 
addition, the hyperplane {z G C" : zj = aj} does not intersect G. 
Consequently a^- G dGj; in particular 

dj = \a^\>dGM. 

This together with fl3.3.ip . fl3.3.2p and fl3.3.3p proves the lower estimate. 

Note that the constant 16 is the best possible for = 1, as shown 
by the example of the image D = C \ [1/4, oo) of D under the Kobe 
transformation z — )■ z/{l + z)"^ (already used in Section [3.11) . This 
example is not applicable for n > 2 in a trivial way, since a C-convex 
Cartesian product of domains that are different from C is necessarily 
convex (see the first remark in Section [23]) . 

For the lower estimate in the case of a convex domain is sufficient 
to note that Gj are convex domains, so the number 4 can be replaced 
by 2 due to Proposition 13.1.11 

Finally note that in this case the constant 4 is the best possible, as 
seen in the example of a Cartesian product of half-planes. □ 

Using the lower estimate in Theorem 13.3.31 we can now prove The- 
orem [33l2l 

Proof of Theorem VJ. ^.^ We will use the geometric configuration from 
the proof of Theorem I3.3.3[ 

Let X G (C"),,,. First we will find an upper estimate for Mr){0; X). 
Fix a A; G J = {j : Xj ^ 0}. Then 

,j, / \ _ / ^1 Xk_i Xk^i Xn . 

^k\Z) — [Zi — — Zk, • • • 5 — — Zk, Zk, Zk+l — — Zk, . . . , Zn — --^Zk) 

^k ^k ^k -^k 



nKGM=lGMl). 



7G,(0;1)> 



1 
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is a linear mapping of Jacobian 1 and 

F'=:=*fc(X) = (0,...,0,Xfc,0,...,0). 

Let Aj is the disc in the j-th coordinate plane of center and radius dj 
for j 7^ k, and radius rf'^ = \Xk\dD{0, X) for j = k. Then Aj G Dk = 
\E'fc(D) and by Lemma [3.1.51 

D,DE, = {zeC-:^-^+ 
Consequently 



Mn{0;X) = MdM^ ) < Me^Y 



\Xk\pD{0)dl{0,X)' 



where C„ := M£;(0;ei) = y ^^^^j!r- (the last is calculated directly, as 

is a complete Reinhardt domain), and ei is the first basis vector. 
From this estimate and the lower estimate in Theorem 13.3.31 it fol- 
lows that 



where < = {A^TCn = 2"^ . 

It remains to note that Lemma [3.1.51 implies the inequahty 

/ \ — ^ I I 
^^■^■^^ dDiO,X)-^^ 

and then put c„ = nc'^. □ 

The above results and their proofs allow us to understand the 
boundary behavior of any of the considered metrics Fd - of Caratheodory, 
Kobayashi or Bergman - of a C-convex domain that does not contain a 
complex line, in terms of minimal bases. This strengthens some results 
from [19|, \74\. I75|, I12|, I71j . dealing with bounded smooth domains of 
finite type; the constants there depend on the domain (the first three 
works even refer to convex domains). 

Proposition 3.3.4. There exists a constant Cn > 1, depending only on 
n, so that for each C-convex domain D C C", not containing a complex 
line, we have 
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(Here ej{z) are the basis vectors of a minimal basis of D at z, and dj{z) 
are the corresponding numbers.) 

Proof. By f l3.3.4p and the inequality 

1 



Bn{z;X) > 



we get 



So 



dj{z) doiz)' 



dD{z;X) ~ ^ dj{z) ~ d£){z;X) 



3 

where c„ = nd^. Then (I3.3.4p and fl3.3.5p show that 



The following result is in the spirit of Proposition 13.3.4] but it deals 
with a fixed basis. As each boundary point of a bounded C-convex 
domain is semiregular (see the end of Section [32]), it directly follows 
from [T241 116] and [791 Theorem 3.3.1]. 

Proposition 3.3.5. Let a be a boundary point of finite type of a 
hounded smooth C-convex domain D C C". Denote by Ma = (mi, . . . , mn) 
the Catlin multitype of a. Then there exists a linear basis change with 
the following property: for each non-tangent cone A with vertex a there 
exists a constant c > so that for an arbitrary vector X = (Xi, . . . , X„) 
in the new basis we have 

c-^ < \immfFD{z;X) f y^—J^iL ) 

In addition, for the Bergman kernel we have 

c-^ < \immiKD{z){dD{z))-^'' < limsnp Kd{z) {do (z))-^" < c, 



where q = l/m+ ■ ■ ■ + 1/m. 
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The basis change can be chosen to be hnear because La = Ma. 

Note that Proposition 13 . 3 . 51 imphes a more precise variant of Propo- 
sition 13.2.11 in the case of finite type, namely that for each vector 
X G (C")* there exists j = 1, . . . , n so that la,x = mj. 

Finally let us mention that by a result from |23] the quotient 
{dj,D)"^/dD is bounded near a (recall that m = m„ is the type of a) and 
then Proposition 13.3.41 provides a neighborhood U of a and a constant 
c > so that 



3.4. Maximal basis. A counterexample 

To get estimates for the Bergman kernel and the Bergman metric for 
C-convex domains, in the previous section we introduced a basis (called 
minimal) with an origin at a given point from a given domain. As 
mentioned, in the special case of smooth convex domain of finite type, 
in |19L \74[ 175] it is introduced a similar basis (that we call maximal). 
The minimal and maximal bases can be considered in the context of 
the so-called extremal bases (see |18]). Many other important results, 
like those connected with the linear type, with the 9-problem or with 
domains with noncompact groups of automorphisms (see e.g. |73|, I76|, 
I77|, 141]). use in an essential way the properties of the maximal basis, 
and most of all one extremal property, satisfied also by the minimal 
basis. In general, this property means that the vectors from the basis 
are orthogonal to the corresponding hyperplanes (see the Introduction; 
the details are given below). Unfortunately exactly this property of 
the maximal basis turns out to be wrong (the hints for corresponding 
proofs are based on an incorrect application of the method of Lagrange 
multipliers). 

The main aim of this section is providing a counterexample for the 
extremal property of the maximal basis. 

Now we define the notion "maximal basis". Let D C C" be a 
domain, not containing a complex line. For point q E D we choose a 
unit vector ai G C" so that 

si := doiq; Oi) = dniq). 
Then we choose a unit vector 02 G span(ai)-'" so that 



S2 := doiq; 02) = sup dniq; a), 
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where the supremum is taken over all the unit vectors a G span(ai)-'-. 
On the next step we choose a unit vector 03 G span(ai, 02)"*" so that 

S3 := doiq] as) = supdD(g; a), 

where the supremum is taken over the unit vectors a G span(ai, 02)"*". 
Continuing the procedure, we get a orthonormal basis ai, . . . , a„ that 
will be called maximal (for D at q) and a sequence of positive numbers 
S2 > ■ ■ ■ > s„ > Si > (but they are not uniquely determined). Note 
that, unlike the minimal basis, after the first step the corresponding 
distances are chosen maximal (rather than minimal). 

Assume now that D is a convex domain that is smooth near a 
boundary point pi (of finite type). Let r be a locally defining function. 
Now we will describe the extremal property mentioned in the Intro- 
duction. For g G -D on the internal normal to dD at pi, sufficiently 
close to pi, we consider a coordinate system defined by the maximal 
basis at g, i.e. we put g = and express each z G C" in the form 
z = Yl^=i '^j^j- We choose pk G dD, k = 2, . . . ,n so that pk = Xk^k, 
where |Afc| = Sk- Many of the works mentioned in the Introduction (see 
e.g. [T^ Proposition 2.2 (ii)], |73l Proposition 3.1 (i)], [74> Proposition 
2.1 (iii)]) note that 

(*) ^-0, ,^. + l,...,n. 

dWj 

This means that 

(**) Tp^i^^D) nspan(ai,...,afc)"^ = span(afc+i, . . . , a„). 

Note that the minimal basis has a very essential property; we started 
by it when obtaining the lower estimate for the Bergman kernel in 
Theorem I3.3.3[ 

However now we will demonstrate a counterexample in for the 
property (*) of the maximal bases at the points from an internal normal 
to the boundary of a domain in (in this property clearly holds). 

Let < /32 < A < 1. Put 

D = {zeC^ xC: p{z) + |23p < 1}, 

where p{z) = x1+ f3iyf+xl+ f32y2 - Note that D is a strictly (pseudo) convex 
domain with a real-analytic boundary. Let q = (0, 0, 6), where < 6 < 
1. The construction of a maximal basis of D at g leads to si = 1 — 5 
and ai = (0, 0, 1). From the next step we get the domain 

Ds = {zeC^: p{z) < 1 - 5'}. 

Note that after a homothety Ds goes to Dq and so we can examine only 
Dq. For the second vector 02 from the maximal basis we have 02 = 
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(6,0), where b G C^. Then span(ai, 02)"*" is generated by (—62,61,0). 
Put 

Lemma 3.4.1. T = {6 G : 61 = or 62 = or Im6i = Im62 = 0}. 

Proof. Some elementary calculations show that 6 G T exactly when 
(/3i -/32)Im6i Im62 = 
(1 -/3i)Im6iRe62 = (1 - /32) 111162 Re 61, 

and the result follows. □ 
Let p2 G dDo so that 

— - — - — = S2= sup dz)o(0; a). 

mW \\a\\=l 

The following result shows that the property (**), equivalent of (*), is 
not true at the points on the internal normal to D at (1, 0, 0) (formally 
we must also consider the case 6 < 0, but then the closest point is 
(— 1, 0, 0) and the situation is similar.) 

Proposition 3.4.2. p2 T. 

Proof. Let 6 G T be a unit vector. Note that p{re'^°'b) < 1 for each a G 
M if and only if r'^R{b) < 1, where R{b) = maxQ,g]Rp(e*°6). Consequently 
dDo{0;b) = ll^Mh). Let 6 = (e^^^ cos 9, e^^^ sin 9), where < 9 < 
2ti and < <y9i, ^92 < vr/2. By Lemma [3.4.11 there are three possibilities 
for 6: 

• e = or 9 = tt: p(e*"6) = cos2(a + v^i) + Pi sin^(a + ipi). 

• 9 = 7r/2 or 9 = 37r/2: p(e*"6) = cos2(a + (^2) + h sin2(a + '^2)- 

• V^i = V^2 = 0: p(e*"6) = cos^ a + sin^ a(/3i cos^ 9 + /32 sin^ 9). 
In all three cases -R(6) = 1. 

On the other hand, there exists a unit vector 6* G such that 
Riff) < 1, and so p2 ^ T. To define 6*, put 9 = vr/l v^i = and 
(^2 = vr/2. Then 2p(e*"6*) = 1 + + (A - (52) sin^ «• As A < /32 < 1, 
we conclude that R{b*) = ^ < 1. □ 

3.5. Estimates in a maximal basis 

The aim of this section is, using the estimates for invariants in 
terms of a minimal basis, to prove that they remain true in terms of 
a maximal basis, in spite of the counterexample from the last section. 
A similar approach allows to confirm the correctness of other results 
using maximal basis. 
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Let D C C" be a C-convex domain not containing a complex line 
(i.e. each nonempty intersection of D with a complex line is biholomor- 
phic to D). For 2; G -D, let ei, . . . , e„ be a minimal basis of D at 2;, and 
Oi, . . . , a„ - a reordered maximal basis of D at z, meaning that the new 
Oi is the old Oi, but a2 = a„, = a„_i, . . . , a„ = 02. Let di < ■ ■ ■ < dn 
and si < ■ ■ ■ < s„ be the corresponding numbers (recall that di = si = 
doiz)). Put Pd{z) = YYj=i^j sd{z) = YYj=i^j- before, Kd{z) 
denotes the Bergman kernel (on the diagonal). Let Fj:,{z; X) be any of 
the metrics of Caratheodory, Kobayashi or Bergman. For X E put 

3=1 ^ i=i ^ 

We will write f{z) < g{z) if f{z) < Cng{z) for some constant > 
depending only on n; f{z) ~ g{z) means that f{z) < g{z) < f{z). By 
Proposition [2121 Theorems I3.3.21I3.3.3I and Proposition 13 .3 .41 we know 
that 

Kd{z) ~ 1/pUz), Fd{z; X) ~ En{z; X) ~ l/doiz; X) 

(as noted, under the much stronger requirements that the domain be 
C-convex, smooth, bounded and of finite type these estimates follow 
also from [121 171j ). For brevity we will sometimes omit the arguments 
z and X. Lemma [3.1.51 easily implies that 

Kn<l/sl, Fn<An. 

In particular, 

l/dD{z;X) ^ EDiz;X) < An{z;X) 

As mentioned, the main corollary from the incorrect property (*) for 
the maximal bases (for a bounded smooth C-convex domain of finite 
type) is the fact that 

ADiz;X) l/dniz;X), 

where the constant in depends on D. Based on this fact, in [191, 
1741 175] it is shown that 

Kd ~d iZ-^z), Fd ~d Ad- 

The next two propositions show that anyway these estimates are cor- 
rect. 

The first estimate can be also obtained from [45] in the case of a 
bounded smooth C-convex domain of finite type. The proof there uses 
the incorrectly proven estimate l/doiz; X) ~£) Ae){z;X), but a closer 
look shows that one can use only the correct part of that estimate, 
l/doiz-X) <D Ad{z-X). 
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Proposition 3.5.1. Let D C C" be a C-convex domain, not containing 
complex lines. Then for each point z E D we have dj ^ Sj , j = 1, . . . ,n. 

Once again observe that the constant in ~ depends only on the 
dimension n oi D. 

Proof. We first prove that Sj ^ dj. As Ed ^ A^,, it suffices to under- 
stand that if Ed < cAd, then Sj < c'dj, where c' = n\c. 

The formula for the determinant of the unitary transformation be- 
tween the two bases implies that 11^=1 I ('^i; ^o-O)) I — l/"-' some 
permutation of a of {1, . . . , n} In particular, \{aj,e„(^j))\ > l/n\. Then 
Eoiz^aj) < cA£){z]aj) implies Sj < c'd^yy 

Suppose now that c'dk < for some k. Then 

c'dk < Sk < Sj < cda{j), j > k. 

Consequently a{j) > k for each j > k, a. contradiction, as a is a 
permutation. 

These arguments show that dj ~ dj, where dj are the corresponding 
numbers for another minimal basis of D at z. Thus we can assume that 
Ci = ai. We know that Si = di. It remains to show that s^ ^ dk for 
k > 2. Choose a unit vector in span(efc, . . . , e„) that is orthogonal to 
ttk+i, ■ ■ ■ ,cin {(^'n = Cn if k = n) . Then a'^ is also orthogonal to ai = Ci. 
Consequently Sk > d^iz; a'^) ( by the construction of a maximal basis). 
On the other hand, as a'j^ is orthogonal to Ci, . . . , e^-i, then 



dD{z;aJ ^ dj dk 



So Sk > doiz; a'j.) > dk. □ 

Proposition 3.5.2. Let D be as in Proposition \3. 5.^ Then Ac ~ Eo- 

Proof. In view of the inequality Eu < Ac and Proposition 13.5. 11 (s^ ~ 
dk), it suffices to prove that 

\{X,ak)\ 



dk 



<Ed{z;X) 



for each k. 

Put bjk = {aj,ek). As 



dj dD[z;aj) dk 

it follows that \bjk\ < dk/dj. The unitary transformation with matrix 
B = (bjk) transforms the basis Ci, . . . , e„ into the basis Oil , . . . , Oj^. For 
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the inverse matrix C = (cjk) we have 

\Cjk\ < l^lo-{l) • • ■bk-l,a{k-l)bk+l,a{k+l) ■ ■ ■ bn,a(n)\ 



< 



du{i) dcr(k-i) dcr{k+i) d„(^n) _ sr^ dk _ i^l'^'^ 
di dk-i dk+i dn ^ dj dj 



where a varies over all bijections between the sets {1, . . . , k — 1, k + 
1, . . . ,n} and {1, . . . , j - 1, j + 1, . . .,n}. 
Consequently 

lM<^|(.Y,e,>|M = ^|(A>,>|M<B„. □ 

Remark. The constructions of minimal and maximal bases can be 
generalized in the following way: we choose "minimal" discs at steps 
1, . . . ,k and "maximal" discs at steps + 1, . . . , n — 1 (the n-th choice 
is canonical); k = n — 1 gives a minimal basis, = 1 - a maximal one, 
and = - a basis without "minimal" discs. Note that Propositions 
13.5.11 and 13.5.21 remain true when Sj are substituted by the numbers in 
the new basis and we express Ad in this basis. (This construction has 
an obvious real analogue). 

3.6. Localizations 

It is natural to ask whether the results from the preceding sections 
have local character, i.e. whether C-convexity is a local notion (like 
convexity and pseudoconvexity) and whether the behavior of the con- 
sidered invariant metrics near a boundary point of a given domain is 
similar to that of an intersection of the domain with a neighborhood 
of the points. 

It is hard to get localization results for the Caratheodory metric 
and here we are not going to deal with them. Anyway such results can 
be found in [79]. 

First we will discuss the local character of C-convexity. As noted 
in Section 12. 5[ each bounded C-convex domain is (weakly) linearly 
convex, and the converse is true under the additional assumption of a 
C^-smooth boundary. 

The next proposition shows that this fact has local character. 

Proposition 3.6.1. Let a be a C^-smooth boundary point (2 < k < oo) 
of a domain D G that is locally weakly linearly convex near a, \ 
i.e. for each b G dD near a there exists a neighborhood Ub so that 



*cf. Section 
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D nUh n T^{dD) = 0. Then there exists a neighborhood U of a, for 
which D n U is a -smooth C-convex domain. 

Clearly this proposition has "convex" and "pseudo convex" ana- 
logues, proven in a similar, but easier, way. 

Proof. We can assume that a = 0. Denote by Hf{z; X) the Hessian of 
a C^-smooth function /. Put Bg = B„(0, s) [s > 0) and 

_ / -Mz), ZED 

The differential inequality for in the proof of [5l Proposition 2.5.18 
(ii)^(iii)] easily implies that there exists an e > so that r is a C^- 
smooth defining function of D at B^.^ and Hr{z; X) > 0, if {dr{z),X) = 
and z E D n i?2£- Then the proof of \27\ Lemma 1] shows that there 
exists a c> such that Hr{z;X) > -c||X|| • \{dr{z),JC)\, z G -DflSse. 
We can suppose that 2ec < 1 and D \^ B^ is connected. Choose a 
smooth function x so that xi.^) = for x < and x'i.^)) x"{^) > for 
X > e^. Put e{z) = x{\\z\\ )■ We can find a C > 1/2 such that 

B2e mG' = {z e B2s:0> p{z) = r{z) + Ge{z)} C D. 

Later, the inequalities 2ce < 1 and | X) | < x'(lkiniklM|X|| 
yield ^'dl^lHll^H > c\{de{z),X)\, if ^ e B2e\K andX ^ 0. This, 
together with 

Hr{z-X) > -c||X|| ■ \{dr{z),X)\, z G G' , 

i^,(z;X) = i7,(^;X)+4Cx"(|kHW(^,^)+2Cx'(|k|^)||X||^ 
C > 1/2, and the triangle inequality, implies that 

Hp{z;X) > -c\\X\\ ■ \{dp{z),X)l z G U. 

In addition, the last inequality is strict, if 2; G G' \ -B^ and X 7^ 0. 
This shows that dp ^ on dG' \ B^; (otherwise p would attain a local 
minimum at some point of this set, which is clearly impossible). Thus 
dp^Oon dG'. 

Let G be a connected component of G' that contains D CiB^. Then 
[5l Proposition 2.5.18] (see also [SO] Proposition 4.6.4]) implies that G 
is a C'^-smooth C-convex domain. It remains to put U = Bn{0,e) U 
G. □ 

Now we will discuss the localization of the Kobayashi metric. First 
recall that if D is a hyperbolic domain (i.e. the Kobayashi pseudodis- 
tance ko is a distance), then the following weak localization takes place 
(see e.g. [79j): 
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Proposition 3.6.2. IfV^^U are neighborhoods of a boundary point 
of a hyperbolic domain D G C^, then there exists a constant C > 1 
such that for each z G D (IV and each X G C" we have 

Hd{z;X) < Konu{z]X) < Cko{z]X). 

Propositions 13.6.11 and 13.6.21 show that all the above results for the 
Kobayashi metric, as well as those connected with types and multi- 
types, have local character in the case of bounded domains. 

To this aim note the following. If a is a boundary point of a bounded 
domain D C C", then it is easily seen that for each neighborhood U of 
a we have 

Pd{z) ~* PDnu{z), sd{z) ~* sd{z), dD{z;X) ~^ dDnu{z;X), 

Ed{z;X) ~, EDnu{z;X), Ad{z;X) ~, ADnu{z;X) 

near a; here the constant in ~* depends on D and U. 

Thus we get the following corollary of Propositions I3.1.2[ 13.6.11 and 
EM 

Corollary 3.6.3. Let a be a boundary point of a bounded domain D C 
C", as in Proposition \3. 6. il Then 

kd{z]X) dD{z]X) Ed{z;X) 

near a. (the constant depends on D). 

Recall that the constant ~£) depends on D. 

Now we will sharpen the last corollary, if dD does not contain 
analytic discs through a (by Proposition 13.2.41 this is equivalent to dD 
not containing linear discs through a). 

Proposition 3.6.4. Let a be a boundary point of a bounded domain 
D C C", as in Proposition \3. 6. f\ Also assume that dD does not contain 
analytic discs through a. Then 

— < liminf ko{z] X)do{z] X) < limsup kd(-2; X)do{z] X) < 1 

uniformly on X E (C")^,. 

As in dD there are no analytic discs through a by Propositions l3.1.5| 
13.1.41 and 13.6.11 imply that for each sufficiently small neighborhood U 
of a we have lim^_>a dj:i{z\ X) = oo uniformly on all unit vectors in C". 
Then by shrinking U (if necessary), dD{z;X) = donuiz; X) for each z 
near a (also Ed{z; X) = Eonuiz; X) and Ao{z] X) = Acir]u{z; X)). 

After these remarks. Proposition 13.6.41 follows from the following 
strict localization for the Kobayashi metric (cf. Proposition 12.5.3"]) . 
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Proposition 3.6.5. Let D C be a bounded domain, whose boundary 
does not contain nontrivial analytic discs through a point a G dD. 
Suppose that there exists a neighborhood U of a and a function f G 
0{D n U) such that lirsiz^a \f{z)\ = oo. Then for each neighborhood V 
of a we have 

lim — — = 1 

uniformly on X E (C").,,. 

Proof. Using the condition for the discs, as in the proof of Proposition 
12.5.31 it follows that each sequence of analytic discs (pj , for which 
(Pj{0) — )■ a, converges to a uniformly (on the compact subsets of D). 
Then the proposition is contained in |79l Corollary 2.3.4]. □ 

As a planar domain, having at least two points in its boundary, is 
hyperbohc (see e.g. |56j). the proof of the above proposition shows 
that it can be strengthened for n = 1. 

Proposition 3.6.6. Let a be a boundary point of a domain D C C\{a}. 
Then for each neighborhood V of a we have 

i^Dnv{z;l) ^ 
lim — = 1. 

z^a K£)[z; 1) 

In particular, if a is an isolated boundary point of D, then 
lim kd{z; l)|z|log|2;| = 

z—^a Z 

Note that the last equality follows from the formula kd, {z; 1) = 

Proposition 13.6.61 generalizes essentially, and in a short way, |6H 
Theorem 1]. 

3.7. Localization of the Bergman kernel and the Bergman 

metric 

In this section we provide localization theorems for the Bergman 
kernel and the Bergman metric, that together with Proposition 13.6.11 
allow us to localize the results from the preceding sections that deal 
with the Bergman kernel and the Bergman metric. 

In the case when D C is a bounded pseudoconvex domain, the 
corresponding results are well known (see e.g. [30j). 

Theorem 3.7.1. Let V U be neighborhoods of a boundary point zq of 
a bounded pseudoconvex domain D C C". Then there exists a constant 



109 

c > 1 such that for each z & D nV and for each X G C" e have 

c-'BDnuiz;X) < Bd{z;X) < cBonuiz^X). 

By imitating the proof of Corollary 13.6.31 we get 

Corollary 3.7.2. Let a be a boundary point of a bounded domain D C 
C", as in Proposition \3.6.1\ Then 

Koiz) 1/pUz), Boiz; X) l/dni^z- X) Ed{z- X) 

near a. 

Note that for the Bergman kernel, the localization is strict if Zq G 
dD is a holomorphic peak point in the most general sense, i.e. there 
exists a function p G C(-D, D) such that 

lim p{z) = 1 > sup \p\ 

for each neighborhood U of Zq. This is proved in the fundamental work 
[49] of L. Hormander as an application of the L^-estimates for the 
9-problem. More general results can be found in |48j. 

One of the goals of this section is to carry over this result in the 
case of an arbitrary pseudoconvex domain (not necessarily bounded). 
We will say that zq G dD is a locally holomorphic peak point, if Zq is 
a holomorphic peak point of D (lU for some neighborhood U of Zq. 

Theorem 3.7.3. Let U be a neighborhood of a boundary locally holo- 
morphic peak point Zq of a pseudoconvex domain D C C". Then 

lim = 1, 

z^zo Kd^z) 

hm ^^^'^^^'^^ = 1 
z^zQ Bd{z;X) 

uniformly on X E (C"),,,. 

In particular, K£)p,if{z) > and so B£)r,ij{z] X) exists for z close to 

Zq. 

To prove Theorem 13. 7. 3[ we need a localization lemma for the pluri- 
complex function of Green go (for the definition see Section [L6l) . 

Lemma 3.7.4. Let U ne a neighborhood of a locally holomorphic peak 
point Zq of a pseudoconvex domain D C C^. Then 

liminf g£){z,w) = O.i 

z^zo,wGD\U 

*Here and further we assume D\U 7^ 0. 
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In addition, there exists a neighborhood V C U of zq such that 
mi{z e DnV,w e DnU\{z} : goiz, w) - gnnuiz, w)} = 0. 
In particular, we have strong localization for the Azukawa metric: 

z^zo Ad[z;X) 

uniformly on X & (C").,,. 

The first equality means that D has the so-called property (P) (see 
e.g. |21] ). that is applied in problems about Bergman invariants, as 
well in pluripotential theory. 

Proof. We use that each locally holomorphic peak point is a plurisub- 
harmonic peak point, i.e. there exists a negative function ip G PSH(D) 
such that 



for each neighborhood Ui of zq. Indeed, one can assume that j9 is a 
holomorphic peak function on D H Ui at Zq. Then it suffices to choose 
a neighborhood U2 d Ui of zq such that G = DnUi\U2j^0 and to 
put 6 = supg \p\, 



(This argument shows that the notion "plurisubharmonic peak point" 
has local character.) 

On the other hand, each plurisubharmonic peak point is a plurisub- 
harmonic antipeak point (see e.g. |42] ). i.e. there exists a negative 
function ip G PSH(D) such that 



for each neighborhood Ui of Zq] for this purpose we put ip = — \og(—ip). 

Now we pass essentially to the proof. Let us first suppose that 
Zq is a holomorphic peak point of D (1 U. Let W 1^ U he a. neigh- 
borhood of Zf). We can choose another neighborhood V W of zq 
so that inf i:>\w4' > c := 1 + sup^^gy Fix z E D H V and put 
d{z) = mfuj(^Dndv gDnu{z,w), u{z,w) = {c - ilj{w))d{z) for w e D. As 
u{z, w) < gcinu{z, w) for w & Dn dV and u{z, w) > > gonuiz, w) for 
w e D nU\W, the function 



lim iIj{z) = > inf ip 

z^zo D\Ui 




max{6,\p\) DnU2 
S D\U2 



lim il){z) 



00 < mf ih 

D\Ui 



v{z, w) 



gDnu{z,w), weDnV 
max{gDr]u{z,w),u{z,w)}, wEDnW\V 
u{z, w), w e D\W 



Ill 



is plurisubharmonic on the second variable and has a logarithmic sin- 
gularity at z. Also, v{z,vS) < cd{z) and so gD{z,w) > v{z,w) — cd{z). 
As v{z,w) = u{z,w) > for w G -D\ VF, we get that gD{z,w) > —cd{z) 
for w E D \ W. Since 



9Dnu{z,w) > 



p{w) — p{z) 



1 — p{z)p{w) 



lim2_>.2g d{z) = and then lim^^^g inf^g/)\vF Qoiz, w) = 0, which proves 
the first equality in the lemma. 

Let now U be an arbitrary neighborhood of zq. We repeat the above 
considerations. Using the first equality in the lemma for V instead of 
U and the inequality gonu ^ 9d, we get lim^_>2(, d{z) = 0. Then the 
equality v{z, w) = gonuiz, w) for w G DnV implies the second equality 
in the lemma. □ 

Remark. The above proof shows that for each neighborhood f/ of a 
plurisubharmonic antipeak point Zq, there exists neighborhood V G U 
of zq so that 

lim mi{w e D nV \{z} : gr){z, w) - gonuiz, w)} > -oo. 

In particular, we have the following weak localization for the Azukawa 
metric: for each neighborhood U of Zq, there exist a constant C > 
and a neighborhood V G U of so that for each z E D (1 V and for 
each X G C" we have 

C-'Aonuiz; X) < Ad{z; X) < Aonuiz; X). 
Note that each boundary point of a bounded domain is a plurisubhar- 



monic antipeak point, as shown by the function ^ 



diam(D) 

A key role in the proof of Theorem 13.7.31 will be played by the fol- 
lowing lemma (replacing the existence of a bounded strictly plurisub- 
harmonic functions on bounded domains). 

Lemma 3.7.5. For each plurisubharmonic antipeak point zq of open 
set D G C", there exists a neighborhood V containing it, a number 
c > and a bounded function s G PSH{D) such that — 1 < s < and 
the function s{z) — c||z|p is plurisubharmonic in D CiV. 

Proof. Let 99 be a plurisubharmonic antipeak function for zq, and W 
be a bounded neighborhood of zq such that D fl dW 7^ 0. Then 

m = inf (09 — II ■ — 2;olP) > —00 

DndW 
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and consequently 

max{ip,\\ ■ -zqW^ + m}, DnW 
<f, D\W 

is a bounded plurisubharmonic function on D that coincides with 
—2:0 IP + m in some neighborhood V of zq. It remains to put 

sup^ s-s ^ 



sup£, s — inf £) s 
Proof of Theorem \3. 7.3\ Recall that 

Md{z;X) 



Bd{z-X) 

{\rA 

We will only prove that 



where M^(z;X) = sup{|/;(X)| : / G Ll{D), \\f\\n = 1, f{z) = 0}. 



^^zo Md{z;X) 
uniformly on X G (C")*. The proof of the equality 

lim^^ = l 

2-^20 Kr)[z) 

is analogical (even simpler) and we omit it. These two equalities imply 
the theorem. 

By shrinking (if necessary) the neighborhood V in Lemma I3.7.5[ 
we can assume that V <ZU and that there exists a locally holomorphic 
peak function p for zq? defined on D nV. Let x be a smooth function 
with support in V such that < x ^ 1 and x = 1 in a neighborhood 
Vi oi zq. By Lemma [3. 7. 4[ there exists a neighborhood V2 <e Vi of 
zq so that 

m = inf {5(15(2;, w) : z e D n V2, w e D \Vi} > -00. 

For A; e N, z G D n V2 and / G Ll{D f] U) such that f{z) = 0, put 
a = d{xfp^) a^iid continue a trivially as a 9-closed (0, l)-form on D. 
Let 

13 = exp(-2(n + j)fi'D(z, ■) - s), 

where s is the function from Lemma 13.7.51 As — log/3 — c|| ■ |p is a 
plurisubharmonic function on the open set {w E D : a{w) 7^ 0}, from 
the proof of \49\ Theorem 2.2.1'] it follows that there exists a smooth 
function h on D such that dh = a and 



[ \h\'P<c-' 
Jd 



D 
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Then g = xfp^ — /i is a holomorphic function on D. As the right-hand 
side of the above inequahty is bounded, so is the left-hand side. Then 
h{z) — and hence 

In addition, from go < and s < it follows that 

\Ml< [ \h\'p. 

Jd 

On the other hand, if C = exp(— 2(n + j)m + 1) sup \dx\^ and q — 
suPDnn^i l^^l' ^^^^ 

' \a\^l3 < Cq^\ 



D 



Putting Ci = yfcjc-i the last three inequalities imply 
Now the definition of Md implies that 

Leaving z — )■ then A; — >■ oo and using that lim^.^^^ ^(z) = 1 and 
g < 1, we get the desired equahty. □ 

Prom the above proof (for A; = 0) we get 

Corollciry 3.7.6. Ij U is a neighborhood of a plurisubharmonic an- 

tipeak point zq of an (arbitrary) domain D C C"", then there exist a 
constant c > and a neighborhood V C U of zq so that 

c'^Knnu < Kd{z) < Konuiz), 

c-'BDnu{z;X) < Bd{z;X) < cBDnu{z;X) 

for each z E D (IV and for each X G C". 

In particular, such a localization holds for an arbitrary boundary 
point Zq of a domain D G C whose complement is not a polar set. 

Recall that a set C C is called polar if C u~^{—oo) for some 
— oo ^ u E PSB.{D). If the complement of a domain D C C is not 
polar, then > 0; otherwise = 0. 

To see that zq is a subharmonic antipeak point of D, it suffices to 
note that for each sufficiently small neighborhood V of Zo, the comple- 
ment of G = DUV is not polar. Then gaizo, •) is a bounded function on 
G outside an arbitrary neighborhood of zq and so it is a subharmonic 
antipeak function for zq. 
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Corollary 13.7.61 can be applied for proving that the completeness of 
the Bergman distance of a planar domain with a non-polar complement 
has local character (see the work of the author |81] ). 

To apply Theorem I3.7.3[ note that if a is a boundary point of a 
domain D C C" as in Proposition 13.6. and in addition a is of finite 
type, then it is a locally holomorphic peak point. Indeed, as noted 
at the end of Section 13.21 a is a semiregular point and then it suffices 
to use the main result in |122] . A more general result in the smooth 
C-convex case can be found in |28] . So we get 

Corollary 3.7.7. Let a he a smooth boundary point of finite type of 
a (not necessarily hounded) domain D G C"' as in Proposition 6. H 
Then 

Kn{z) ~ 1/pI{z), Bd{z; X) ~ l/doiz; X) ~ Ed{z; X). 
near a. 

Recall that the constants in ~ depend only on n. This corollary 
essentially strengthens some of the main results in |19L \74\. I75L I12j . 

The next proposition allows us to sharpen this result, as well as 
Corollary 13.6.41 in the case of convex domains. In less generality this 
proposition is formulated in |113] with only a hint for a proof. 

Proposition 3.7.8. Let D G he a convex domain. Then a G dD 
is a holomorphic peak point exactly when La = {0}. 

Proof. The necessity of the condition La = {0} is almost obvious. 
Indeed, suppose that there exists a holomorphic peak function / for 
D at a, but La 7^ {0}. By the remark after the end of the proof of 
Proposition 13.1.41 one can find a vector X 7^ 0, number e > and a 
sequence of points zj — )■ a so that Ax{zj,e) G D. Then, considering 
the restriction of / on the complex line through Zj in the direction of 
X, we get a contradiction with the maximum principle. 

Let now La = {0}. Then D does not contain complex lines; oth- 
erwise D would be biholomorphic to C x D', and the corresponding 
biholomorphism would be continued in a neighborhood of a (see the 
proof of Proposition 12.5.51) and so D would contain analytic discs, and 
so also linear discs through a (see the remark after the proof of Propo- 
sition [2231); a contradiction. Consequently D is biholomorphic to a 
bounded domain and the corresponding biholomorphism is continued 
in a neighborhood of a (see the proof of Proposition I2.5.5p . Thus 
we can suppose that D is bounded domain. Note that if c is a pos- 
itive number such that c inf Re(2;i) > —1 (D is bounded), then the 

function fi{z) = exp{zi + czf) belongs to A{D) = 0{D) n C(D) and 
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\fiiz)\ < 1 for z e D\{zi = 0}. This easily implies (cf. [39]) that 
supp ji d Di := dD n {zi = 0}. Since L(0) = 0, the origin is a bound- 
ary point of the compact convex set Di. As above, we may assume that 
Di G {z & : Re(^2) < 0} {z2 is independent of Zi) and then con- 
struct a function /2 G A{D) such that |/2(-z)| < 1 for ^ G Di\{z2 = 0}. 
This implies that supp /i C Din{z2 = 0}. Repeating this argument we 
conclude that supp fi = {0}, i.e. is peak point for the algebra A{D) 
(see e.g. |39j ). which even means that there exists a function / G A{D) 
such that /(a) = 1 and \f{b)\ < 1 for each point D 3 h ^ a. □ 

Corollary 3.7.9. Let the pseudoconvex domain D C C" be locally 
convex near its boundary point a. If dD does not contain analytic 
discs through a, then 

Ko{z) ~ 1/pI{z), Bd{z- X) ~ t,n{z- X) ~ l/dn{z; X) ~ Eo{z- X) 
near a. 

The estimate for k,£,{z;X) follows from the strong localization for 
the Kobayashi metric near a locally holomorphic peak point of an arbi- 
trary (not necessarily bounded) domain (see e.g. |79l Theorem 2.3.9]). 

Remark. Corollary 13.7.91 immediately implies that under these as- 
sumptions we get 

(3.7.1) \im B d{z; X) = oo 

locally uniformly on X G (C")*. Thus we carry over (in an easy way) the 
main result from |47] even for unbounded domains (the proof there is 
based on the (9-technique of Ozawa-Takegoshi) . In the case of bounded 
pseudoconvex domains that are locally C-convex near a, the equal- 
ity f l3.7.ip also remains true due to Theorem 13.7.11 This is another 
strengthening of the mentioned result. On the other hand, using the 
inequality 7d < Bd and Proposition 13 . 1 .41 we can "reverse" the above 
considerations, i.e. from (13.7. ip to get La = {0}. 

3.8. Boundary behavior of invariant metrics of planar 

domains 

After discussing the boundary behavior of the invariant metrics of 
domains in C", it is natural to see whether these results can be more 
precise for planar domains. In this quite short section we will prove 
the following 
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Proposition 3.8.1. If ao is a C^-smooth boundary point of a domain 
Dec, then 

lim 7_D(a; l)di:){a) = lim k,d{cI'', 



2' 



1 a/2 
lim Ki:){a)d\){a) = — and lim BD{a; l)d£){a) = . 

a^ao At[ a^ao 2 

The condition for smoothness is essential, as shown e.g. by the first 
quadrant. 

Proof. The proposition for the Caratheodory and Kobayashi metrics is 
equivalent to the inequalities 

(3.8.1) limsup K£)(a; l)(i£)(a) < -, 

a— >ao 

(3.8.2) limsup7£)(a; l)(i£)(a) > -. 

a— >ao 

Inequality (13.8. ip is contained in |79[ p. 60] in a more general 
situation (we are not including its proof here): Let be a C^-smooth 
boundary point of a domain D C C, — )■ X for a — )■ oq. If is the 
projection of X onto the complex normal to dD at oq, then 

I \X 1 1 

(3.8.3) limsup K£i(a; Xa)(i£)(a) < . 

a— >ao 2 

Now we will prove the less trivial inequality fl3.8.2p (via the Pinchuk 
scaling method). 

We can assume that ao = 0. For each point a E D close to 0, there 
exists a point a G dD such that ||a — a|| = d£){a) and a lies on the 
internal normal to dD at a. Let r be a C^-smooth defining function for 
D near 0. Put $a(-2) = f;(«^)(«- Let also 

E, = {zeC:Rez> -e\z\}, = G C : 1^1 > e}. 

For each sufficiently small £ > we have $a(-D) C -Eg U for |a| < e. 
As a = $a(a) > 0, 

(3.8.4) 7D(a; 1) > 7i..uF.(a; X(a)) = 7g.J1; 1)^P = ^%4¥^' 

where X(a) = -g(a) and Ge,a = E.UFg. Note that 

(3.8.5) lim7G„.(l;l)=7i^.(l;l) 
and 

(3.8.6) lim 7^,(1; l)=7Eo(l;l) = ^- 
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Then (13A2D follows from (ESID, ( 13X5|1 and ( ]3X6|l . 

To prove fl3.8.5p . we denote by and H^ a the images of i^^ and 
Ge^a, respectively, for the mapping z ^ 2/ {z + 1), iiH < e < 1. Then 

and if^^a = H^ a U {0} are bounded simply connected domains and 
consequently = Ku^ and Ch-^„ = C'fj = i^£> . Now, using the 
Montel theorem, it is easily seen that 

limi^5^Jl;l) = ifH.(l;l), 

which implies f l3.8.5p . 

The equality f l3.8.6p is proven in a similar way (or by using that 
and Eq are conformally equivalent). 

The proposition for the Bergman kernel and Bergman metric is 
obtained analogically (having in mind that Bd(z;1) = Moi£^\ g^j^^^ 

omit the proof. □ 

Remark. Under the somewhat stronger requirement that the bound- 
ary be Dini-smooth near a^, the proposition for the Bergman kernel, as 
well as for the metrics of Bergman and Kobayashi, can be also proven 
using that: 

• each C^-smooth boundary point a of a domain D C C is a locally 
holomorphic peak point and so we have strong localization for these 
invariants; 

• there exists a neighborhood U of a so that G = DnU is a. bounded 
Dini-smooth simply connected domain and so the Riemann mapping 
between G and D is continued to a C^-diffeomorphism between G and 
D. 
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